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“The laws of nature should be expressed in beautiful equation.”

- P. A. M. Dirac -

“If there is a God, he’s great mathematician” 
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Kohn-Sham Equations

H�j(�r) =

�
�

h̄2

2m
�2 + ve�(�r)

�
�j(�r) = �j�j(�r)

n(�r) =
�

j

|�j(�r)|
2

ve� = vext(�r) + e2
�

n(�r�)

|�r��r�|
d�r� + vxc[n(�r)]

Crystals have symmetry.

Translational Symmetry

Rotational Symmetry

what kind of influence do crystalline potentials have?



Symmetry of Crystals

Space Group

Mathematical Tool

e.g. TSPACE99

Symmetry and Quantum Mechanics

From the beginning, we consider low dimensional systems.

� ~2
2m

d2u(x)

dx2
+ V (x)u(x) = Eu(x)

Schrödinger Equation in 1dim system.

We assume the symmetric potential
V (x) = V (�x)

x ! �x

Eigenfunction

Eigenfunction

Eigenvalue

� ~2
2m

d2u(�x)

dx2
+ V (�x)u(�x) = Eu(�x)

, � ~2
2m

d2u(�x)

dx2
+ V (x)u(�x) = Eu(�x)

,
⇢
� ~2
2m

d2

dx

2
+ V (x)

�
u(�x) = Eu(�x)

Eigenvalue

• degenerated case
• non-degenerated case

1Dim: Symmetric potential
same eigenvalue



1Dim: Free Electron in  periodic potential

  We consider the free electron in periodic potential as the simplified example at 
previous section.

Schrödinger Equation 

� ~2
2m

d2u(x)

dx2
= Eu(x)

Under the periodic condition, 
u(x+ L) = u(x)

we can solve this differential equation

uk(x) = exp(ikx)

Eigenfunction Eigenvalue
Ek =

~2k2
2m

where k =
2n⇡

L

solution

x ! �x

uk(�x) = exp(�ikx)

= u�k(x)

Eigenfunction
E�k =

~2k2
2m

= Ek

Eigenvalue

same eigenvalue
linearly 
independent
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According to the linear combination between

cos(kx) =

1

2

{exp(ikx) + exp(�ikx)}

sin(kx) =

1

2i

{exp(ikx)� exp(�ikx)}

� ~2
2m

d2u(x)

dx2
+ V (x)u(x) = Eu(x)

Schrödinger Equation is not invariant when we take 
the complex conjugate for it.   

and          are degenerateu

⇤(x)
u(x)

uk(x) and u�k(x) ,
we can re-generate different basis set for eigenfunction in degenerated system

(even function)

(odd function)

Background:
degeneracy between and �kk (Time Reversal Symmetry)



2Dim: reflective symmetries at x-axis and y-axis(C2v)

   If Hamiltonian is invariant for the replacement for the sign of x and that of y, 
eigenvalues is the odd function or even function for x and y. 
Thus number of basis set is 4.

(even function for x) and (even function for y)1. 8
><

>:

x ! �x

and

y ! �y

invariant
operate 

simultaneously

2. (odd function for x) and (odd function for y)8
><

>:

x ! �x

and

y ! �y

invariant
operate 

simultaneously

3. and 4. (odd function for x) and (even function for y)
(even function for x) and (odd function for y)8

><

>:

x ! �x

and

y ! �y

change of sign of function
operate 

simultaneously

(�1)⇥ (�1) = 1

1⇥ 1 = 1

1⇥ (�1) = �1

(�1)⇥ 1 = �1

In this case, there are 4 symmetry operations,

1.identity operation (E)
2.reflection at x-axis (      )
3.reflection at y-axis (      )
4.combination reflection at x-axis 

and that at y-axis(     )

�
x

C2

E �
x

�
y

C2

E E �
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y

�
y

�
y

C2 E �
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C2 C2 �
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E

multiples among symmetry operations

�y



2Dim: Equilateral Triangular Symmetry (C3v)

  We introduce the equilateral triangular symmetry system as the more complex 
case in 2dim. In polar coordinate, a wave function is written as Fourier series

 (r,�) =
X

m

Rm(r) exp(im�)

6 symmetry operations
1.identity operation (E)
2.            rotation (      )
3.            rotation (      )
4.reflection at A-axis(     )
5.reflection at B-axis(     )
6.reflection at C-axis(     )

C3

C�1
3
�A

�B

�C

�2⇡/3

2⇡/3 ① ②
① ③
① ④
②
③

⑤
⑥

Rotational effect for wave function(       )C±
3

At first, we operate 2π/3 rotation for wave function,

O(C3)
equivalent

� ! �� 2⇡/3

 

✓
r,�� 2

3

⇡

◆
=

X

m

Rm(r) exp

⇢
im

✓
�� 2

3

⇡

◆�

=

X

m

exp

✓
�i

2

3

m⇡

◆
Rm(r) exp(im�)

phase factor
We can classify 3 types for m

m =

8
><

>:

3n

3n+ 1

3n+ 2
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X
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✓
�i
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3
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◆
Rm(r) exp(im�)

=

8
>>>>>><

>>>>>>:

X

m

Rm(r) exp(im�) =  (r,�) m = 3n

exp

✓
�i

2

3
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◆X

m

Rm(r) exp(im�) = exp

✓
�i

2

3
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◆
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✓
i
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✓
i
2

3

⇡

◆
 (r,�) m = 3n+ 2

Similarly, for -2π/3 rotation,
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✓
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◆
 (r,�) m = 3n+ 2

Reflectional effect for wave function(                )�A,�B ,�C

Definition for the angle �

O(�A)
equivalent � ! ��

Then reflectional operations are equivalents these operations,

8
>>>>>>>><

>>>>>>>>:

�A : � ! ��

�B : � ! ��+
2

3
⇡

�C : � ! ��� 2

3
⇡

(
�B = �A · C�1

3

�C = �A · C3

change the sign of �

These operations are represented as the 
combination with reflection      and rotation �A



Relationship between the classification for m and characters of WFs

m = 3n

For rotational operation(      )C±
3

 

✓
r,�± 2

3

⇡

◆
=

X

m

exp

✓
±i

2

3

m⇡

◆
Rm(r) exp(im�)

=

X

m

Rm(r) exp(im�) =  (r,�) invariant

For reflectional operation(                )�A,�B ,�C

The angular component of wave function, exp(im�) is variant for O(�A),
in other word, � ! ��

exp(3n�i) ! exp(�3n�i)

Using the linear combination with exp(3n�i) and exp(�3n�i) ,
we can re-generate different basis set for eigenfunction

cos(3n�) =
1

2

{exp(3n�i) + exp(�3n�i)}

sin(3n�) =
1

2i
{exp(3n�i)� exp(�3n�i)}

� ! ��
invariant

� sin(3n�)

m = 3n+ 1, 3n+ 2

For reflectional operation      , �A � ! ��

m� = (3n+ 2)� !
m(��) = (3n+ 2)(��)

= �(3n+ 2)�

= {3(�n� 1) + 1}�

m� = (3n+ 1)� !
m(��) = (3n+ 1)(��)

= �(3n+ 1)�

= {3(�n� 1) + 2}�
element in m=3m+2 group

element in m=3m+1 group

2-fold degeneracy



Summary for equilateral triangular symmetry

There are 3 types eigenfunctions.

1.Invariant for all symmetry operations(                       )
2.Invariant for rotational operation and odd function for the reflectional 

operations(                )
3.2-fold degenerated states

C±
3 ,�A,�B ,�C

�A,�B ,�C

cos(3n�) type

sin(3n�) type

Cubic
Tetragonal

Orthorhombic
Hexagonal

Trigonal
Monoclinic

Triclinic

P,F,I
P,I

P,F,I,C
P

R
P,C

P

Oh,O,Td,Th,T

D4h,D4,D2d,C4v,C4h,S4,C4

D2h,D2,C2v

D6h,D6,D3h,C6v,C6h,C3h,C6

D3d,D3,C3v,S6,C3

D3d,D3,C3v,S6,C3

C2h,CS,C2

Ci,C1

�
�|��t +��u �

�
= ���u +

��
t +��u �

(�|��a )
�
�|
��
b
�
=

�
��|�

��
b +��a

�

�
�|
��
b
��1

=
�
��1|� ��1��b

�

Space Group
rotation(including reflection)

 +
 translational group

space group
point group

periodicity: 14 Bravais Lattice
point symmetry:  32 point group

Subgroup 
of

Oh/D6h

Point Group7 crystal systems

P... simple
F...Face Centered
I ... Body Centered
C...Base Centered
R... Rhombohedlal

symmetry Operation



7 crystal systems
(simple lattice)

cubic

tetragonal orthorhombic monoclinic triclinic

hexagonal trigonal(rhombohedral)

a = b = c
� = ⇥ = ⇤ =

⌅

2

a = b �= c

� = ⇥ = ⇤ =
⌅

2

a = b �= c

a �= b �= c

a = b = c
� = � = �

� �= ⇥ �= ⇤ �= ⌅

2

a �= b �= c(not necessary condition)

� = ⇥ =
⌅

2
�= ⇤

Example(Cubic and Tetragonal)

(1/2,1/2,0)
(1/2,0,1/2)
(0,1/2,1/2)

add lattice point

(1/2,1/2,1/2)
add lattice point

(F) (I)

Face Centered Lattice Body Centered Lattice

add lattice point
(1/2,1/2,0)

(C)

Base Centered Lattice
(c-centered)



simple cubic

FCC

(1/2,1/2,0)
(1/2,0,1/2)
(0,1/2,1/2)

BCC

(1/2,1/2,1/2)

add lattice point

add lattice point

Base Centered  
Tetragonal
add lattice point

(1/2,1/2,0)

(P)

(F)

(I)

(C)

FCC is considered a form of rhombohedral
� = ⇥ = ⇤ =

⌅

3

cos� = �
1

3
ref.) BCC



duplicate case in crystal system

Body centered tetragonal(BCT) is equivalent to

 face centered tetragonal(FCT)

Cubic
Tetragonal

Orthorhombic
Hexagonal

Trigonal
Monoclinic

Triclinic

P,F,I
P,I

P,F,I,C
P

R
P,C

P

Oh,O,Td,Th,T

D4h,D4,D2d,C4v,C4h,S4,C4

D2h,D2,C2v

D6h,D6,D3h,C6v,C6h,C3h,C6

D3d,D3,C3v,S6,C3

D3d,D3,C3v,S6,C3

C2h,CS,C2

Ci,C1

�
�|��t +��u �

�
= ���u +

��
t +��u �

(�|��a )
�
�|
��
b
�
=

�
��|�

��
b +��a

�

�
�|
��
b
��1

=
�
��1|� ��1��b

�

Space Group
rotation(including reflection)

 +
 translational group

space group
point group

periodicity: 14 Bravais Lattice
point symmetry:  32 point group

Subgroup 
of

Oh/D6h

Point Group7 crystal systems

P... simple
F...Face Centered
I ... Body Centered
C...Base Centered
R... Rhombohedlal

symmetry Operation



= +

symmetry Operation

Diamond Structure

rotation
+�

�
1/4
1/4
1/4

�

� translation

�
� | �b

�
Symmetry operation:

(Seitz Notation)

rotation
(include inversion,reflection)

translation

�

2

�
� | �b

�
Symmetry operation:

(Seitz Notation)

rotation
(include inversion,reflection)

translation

�
�|��t +��u �

�
= ���u +

��
t +��u �

(�|��a )
�
�|
��
b
�
=

�
��|�

��
b +��a

�

�
�|
��
b
��1

=
�
��1|� ��1��b

�



Cubic Symmetry

+ inversion, rotation inversion,
reflection and rotational reflection

24 rotational operation

Tetrahedral Symmetry

subgroup of

Oh

E · · · · · · 1
C4 · · · · · · 6
C2

4 · · · · · · 3
C2 · · · · · · 6
C3 · · · · · · 8

48 symmetry Operation

±�/2

±�

±2�/3

Oh

Td
Td � C4 = Oh

Point Group: Oh

identity operation

example

4-fold axis
3-fold axis

2-fold axis

zincblende Structure

Lattice type: Face Centered

There is not 4-fold axis

Tetrahedral Symmetry Td

Subgroup  of Oh

B

N

tetrahedron in zincblende Structure



12 rotational operation
+ inversion, rotation inversion,

reflection and rotational reflection

24 symmetry operation

Hexagonal Symmetry
E · · · · · · 1

C6 · · · · · · 2
C2

6 · · · · · · 2
C3

6 · · · · · · 1
C�

2 · · · · · · 3
C��

2 · · · · · · 3

±�/3

±2�/3

±�

±�

±�

D6h

subgroup of D6h

Rhombohedral D3d, C3v, C3, · · ·

Point Group: D6h
identity operation6fold-axis

2-fold axis 2-fold axis

Relation between Hexagonal coordinate system 
and

Trigonal coordinate system  in Rhombohedral Crystal



Relation between Hexagonal coordinate system 
and

Trigonal coordinate system  in Rhombohedral Crystal

��
t 1 =

2

3

��
h 1 +

1

3

��
h 2 +

1

3

��
h 3

��
t 2 = �

1

3

��
h 1 +

1

3

��
h 2 +

1

3

��
h 3

��
t 3 = �

1

3

��
h 1 �

2

3

��
h 2 +

1

3

��
h 3

��
h 1 =

��
t 1 �

��
t 2

��
h 2 =

��
t 2 �

��
t 3

��
h 3 =

��
t 1 +

��
t 2 +

��
t 3

primitive trigonal lattice
+

add lattice point
Hexagonal Lattice

transformation basis

Magnetic case

Simple Cubic Lattice (Ferromagnetic )

Cubic Lattice

antiferromagnetic case...?



Antiferromagnetic(type1)

Majority spin
Minority spin

Anti-Ferro magnetics (type1)

Tetragonal Lattice

Majority spin

Minority spin

Anti-Ferro magnetics (type2)

rhombohedral Lattice



rotation(including reflection)
 +

 translational group
space group

point group

Fm 3̄m O5
h m 3̄m Cubic

No. 225 F 4 /m 3̄ 2 /m Patterson symmetry Fm 3̄m

Origin at centre (m 3̄m)

Asymmetric unit 0≤ x≤ 1
2 ; 0≤ y≤ 1

4 ; 0≤ z≤ 1
4 ; y≤min(x↪ 12 − x); z≤ y

Vertices 0↪0↪0 1
2 ↪0↪0 1

4 ↪
1
4 ↪0 1

4 ↪
1
4 ↪

1
4

Symmetry operations
(given on page 691)

688

International Tables for Crystallography (2006). Vol. A, Space group 225, pp. 688–691.

Copyright �  2006 International Union of Crystallography

International Symbol
(Hermann-Morguin Symbol)

Schönflies Symbol

Sp
ac

e 
G

ro
up

 N
um

be
r

International Table of Crystallography

How many kinds of space group are there?

only 230 space group

3ways to classify

•Schöenflies Symbol

•International Symbol(Hermann Mauguin Symbol)
•Space Group Number (1 ~ 230 )

Space Group

The symmetry groups of the crystal

Mathematically, it is defined as the group which has a invariant subgroup of the translational group.

Space Group

The operations of the space group can be given as

(�|
��
b )r = ���r +

��
b

rotational 
operator

translation vector

�
�|��t

���r = ��r +
��
t

The simple translation is given by

symmetry operation of space group

identical operation



(�|
��
b )r = ���r +

��
b

rotational 
operator

translation vector
lattice invariant

general  vector 
of

the Bravais lattice

�
�
���
��
b
�
=

�
�
���
��
Rn +

��
b �

�
=

�
�
���
��
Rn

��
� |

��
b �

�

zero vector
or

not primitive translation vector{
With a suitable choice of origin...

Do we find all the element of the symmetry operation in the form 
�
�
���
��
b
�
=

�
�
���
��
Rn

�
=

�
�
���
��
Rn

��
� |

��
0
�

?

Yes

No

symmorphic(共型)
non-symmorphic(非共型)

non-symmorphic(非共型) symmorphic(共型)
73 space group157(screw:らせん and glide:映進 + 2)

In symmorphic case, most of 
�
� |

��
b �

�

are screw operation or glide operation



In this case(diamond structure), one of the operations : 
�
� |

��
b �

�

� :
�

2
rotation

� =

�

�
1/4
1/4
1/4

�

�

Hmm...let’s challenge other choice of the origin... 

Example : non-symmorphic

In this case(diamond structure), one of the operations : 
�
� |

��
b �

�

� =

�

�
1/4
0

1/4

�

�

� :
�

2
rotation(x-axis)

Diamond structure is non-symmorphic.

How do you define the origin of Nonsymmorphic Crystal?



How do you define the origin of Nonsymmorphic Crystal?

In general, nonsymmorphic crystal has some choices

There is no guideline to define the origin. 

How many number of choices each for space group?
Diamond Structure  :Oh7  .... 2

C2h3.... 3

Si,C,...

�O, �Pu,...

Cs2.... 6 unknown

(International Table of Crystallography)

How do you define the origin of Nonsymmorphic Crystal?

choice 1 choice 2

Example: diamond structure

atomic position inversion center
choice 1 (0,0,0) and (1/4,1/4,1/4) No
choice 2 (±1/8,±1/8,±1/8) Yes

Fd3̄m(O7
h)

× Inversion Center
○ atom on origin

○ Inversion Center
× atom on origin

which is better?



Translational Symmetry

Bloch State, Bloch function 

�
�

h̄2

2m

���2 + V(�r)

�
�(��r ) = E�(�r)

1-electron Schrödinger Equation

Periodicity of Potential
eigenstate

effect?V
�
�r��tn

�
= V(�r)

��
t n = n1

��
t 1 + n2

��
t 2 + n3

��
t 3

Born - von Karman condition

Operator and Operation

O��(�r) � �(��1�r)
operator operation

ψ(x)=x2

shift +a

a

examplemultiplication
O�O��(�r) = O��(��1�r) = �(��1��1�r)

= �((��)�1�r) = O���(�r)

O�O� = O��



�
�

h̄2

2m

���2 + V(�r)

�
�(��r ) = E�(�r)

1-electron Schrödinger Equation

O(�|�tn)

Periodicity of Potential

V
�
�r��tn

�
= V(�r)

��
t n = n1

��
t 1 + n2

��
t 2 + n3

��
t 3

Born - von Karman condition

�
�

h̄2

2m

���2 + V(�r)

�
�(�r��tn) = E�(�r��tn)

O��(�r) � �(��1�r)

Hamiltonian Operator

Hamiltonian Operator

Eigenvalue

Eigenvalue

Eigenfunction

Eigenfunction

also is  Eigenfunction whose eigenvalue is EO(�|�tn)
�
= �(�r��tn)

�

same eigenvalue

If Schrödinger Equation has p-fold degeneracy
�
�

h̄2

2m

���2 + V(�r)

�
�i(�r) = E�i(�r) (i = 1, 2, · · · , p)

O(�|�tn)�j(�r) = �j(�r��tn) =
p�

i=1

Ti,j(�tn)�i(�r)

Eignefunction

Eignefunctioncoeffcient

linear combination

T(�tn) =
�
Ti,j(�tn)

�

�

����

O(�|�tn)�1(�r)
O(�|�tn)�2(�r)

...
O(�|�tn)�p(�r)

�

����
= T(�tn)

�

����

�1(�r)
�2(�r)

...
�n(�r)

�

����

Here, Matrix T is given as

Matrix T is unitary matrix norm conservation

representation matrix
of

O(�|�tn)



�
H |�j� = � |�j�
H |�i� = � |�i�

H(ai |�i�+ aj |�j�) = aiH |�i�+ ajH |�j�
= ai� |�i�+ aj� |�j�
= � (ai |�i�+ aj |�j�)

O(�|�tn)�j(�r) = �j(�r��tn) =
p�

i=1

Ti,j(�tn)�i(�r)

Eignefunctioncoeffcient

If Schrödinger Equation has p-fold degeneracy
�
�

h̄2

2m

���2 + V(�r)

�
�i(�r) = E�i(�r) (i = 1, 2, · · · , p)

O(�|�tn)�j(�r) = �j(�r��tn) =
p�

i=1

Ti,j(�tn)�i(�r)

Eignefunction

Eignefunctioncoeffcient

linear combination

T(�tn) =
�
Ti,j(�tn)

�

�

����

O(�|�tn)�1(�r)
O(�|�tn)�2(�r)

...
O(�|�tn)�p(�r)

�

����
= T(�tn)

�

����

�1(�r)
�2(�r)

...
�n(�r)

�

����

Here, Matrix T is given as

Matrix T is unitary matrix norm conservation

representation matrix
of

O(�|�tn)



T(�tn)T(�tm) = T(�tm)T(�tn) = T(�tn +�tm)

O(�|
��
t n)

�
O(�|

��
t m)

�(��r )
�
= O(�|

��
t m)

�
O(�|

��
t n)

�(��r )
�
= O(�|

��
t n+

��
t m)�(

��r )

= �
���r � (

��
t n +

��
t m)

�

Translation operators are commutable:

therefore

Commutable simultaneous to diagonal form

and
Matrix T is unitary matrix

(absolute value of eigenvalue for unitary matrix = 1)

S�1T(
��
tn)S =

�

�����

e�i
��
k 1·

��
t n 0 · · · 0

0 e�i
��
k 2·

��
t n · · · 0

...
...

. . .
...

0 0 · · · e�i
��
k p·��t n

�

�����

Diagonalization

Eigenvalue of T(��tn)therefore

O(�|�tn)��k(�r) = e�i�k·�tn��k(�r)

�(�r) = ei
�k·�ru�k(�r)

Bloch Theorem

periodic function

Bloch function

phase factor

Bloch state is characterized by 

Next Theme: k-space and reciprocal lattice 

�k

Bloch condition

S�1T (�tn)S =

�

�����

e�i�k1·�tn 0 · · · 0

0 e�i�k2·�tn · · · 0
...

...
. . .

...

0 0 · · · e�i�kp·�tn

�

�����

u��
k

���r �
��
t n

�
= u��

k

���r
�



Bloch function and basis set

How do we represent the  periodic function?

 (�!r ) = ei
�!
k ·�!r u�!

k
(�!r )

 (�!r ) = ei
�!
k ·�!r

X
�(�!r )

e.g., planewave basis set
basis set

 (�!r ) = ei
�!
k ·�!r

X

�!
G

C�!
G
ei

�!
G ·�!r

k
x

ky

cut-off energy is defined as

E
cut-o↵

=
~2G2

max

2me

genealogy of DFT calculation

PW Classical PPPW
(Aschcroft,etc )

PP-PW(Pseudo Potential PlaneWave)

NCPP-PW
(D.R. Harman,
M. Schlüter and 
C. Chiang(1979)

APW
(J. C. Slater(1937) )

USPP-PW
(1991,D.Vanderbuilt)

US (ultrasoft)
reduce basis set

ab initio
Augmented(using spherical wave)

KKR
(Korringa(1947), Kohn and 

Rokstoker(1954)

LMTO
O. K. Andersen and O. Jepsen(1984))

Planewave Basis Set

Muffin-Tin Orbital

LAPW

empirical pseudo potential

Linearized : O.K. Andersen(1979) Takeda and Kübler(1979)

FLAPW

FP-LMTO

FP-KKR

Full-potential M.Weinert(1980)

PAW
(P. E. Blöchl(1994))

NC(norm-conserving)

PAW (Projector Augmented Wave Method )
projected core orbital

Linear Combination of Muffin-Tin Orbital



Accuracy, cut-off energy, number of k-points in B.Z. and 
computational resources

rotation(including reflection)
 +

 translational group
space group

point group

Electronic structure

Next theme

? Translational Symmetry

Rotational Symmetry

Space Group



Reciprocal Lattice and k-space

At Bloch state, phase factor is given as

ei
�k·�r dimensionless quantity �k has dimension of reciprocal length

k-space ( reciprocal space )

ei
�k·�r

Is k-space  “virtual space”?
Someone said

No. �k represents “wave nature of electron”.

It is natural idea that electrons are in k-space

translational lattice vector in real space
��
t n = n1

��
t 1 + n2

��
t 2 + n3

��
t 3

primitive reciprocal vector
�g1 =

2�(�t2 ��t3)
�t1(�t2 ��t3)

�g2 =
2�(�t3 ��t1)
�t1(�t2 ��t3)

�g3 =
2�(�t1 ��t2)
�t1(�t2 ��t3)

�t1,�t2,�t3 :primitive translational lattice vector

orthogonality
�gi ·�tj = 2��i,j

�gl = l1�g1 + l2�g2 + l3�g3

reciprocal lattice

e�i(�k+�gl)·�tn = e�i�k·�tn

ei�gl·�tn = e2�ni = 1 (n:integer)

(periodicity in k-space)



the condition of [hkl] in crystal

For example, we think about face centered cubic(BCC) lattice,

conventional lattice vector
primitive lattice vector

therefore, basis set of primitive vector is written as 

(
a · b = b · c = c · a = 0

|a|2 = |b|2 = |c|2 = a2

8
>>>>>>>>><

>>>>>>>>>:

t1 =
1

2
(�a+ b+ c)

t2 =
1

2
(a� b+ c)

t3 =
1

2
(a+ b� c)

Here, it satisfies the following condition



“Primitive reciprocal lattice vector” is defined as
8
>>>>>>>>><

>>>>>>>>>:

g1 =
2⇡

⌦
(t2 ⇥ t3)

g2 =
2⇡

⌦
(t3 ⇥ t1)

g3 =
2⇡

⌦
(t1 ⇥ t2)

where Ω is
⌦ = t1 · (t2 ⇥ t3) =

1

2
a3

In particular,

g1 =
2⇡

⌦
(t2 ⇥ t3)

=
2⇡

⌦

⇢
1

2
(a� b+ c)⇥ 1

2
(a+ b� c)

�

=
2⇡

⌦

1

2
(b+ c)

8
>>>>>>>>><

>>>>>>>>>:

g1 =
2⇡

⌦

1

2
(b+ c)

g2 =
2⇡

⌦

1

2
(c+ a)

g3 =
2⇡

⌦

1

2
(a+ b)

from similar calculation...

Primitive reciprocal lattice vector

Primitive reciprocal vectors of BCC is similar as the primitive lattice vector of the face-
centered cubic(FCC) lattice.

8
>>>>>>>>><

>>>>>>>>>:

g1 =
2⇡

⌦

1

2
(b+ c)

g2 =
2⇡

⌦

1

2
(c+ a)

g3 =
2⇡

⌦

1

2
(a+ b)

Reciprocal lattice point is defined as

8
>>>>>>>>><

>>>>>>>>>:

t1 =
1

2
(b+ c)

t2 =
1

2
(c+ a)

t3 =
1

2
(a+ b)

Primitive reciprocal lattice vector in BCC Primitive lattice vector in FCC

gl = l1g1 + l2g2 + l3g3 (l1, l2, l3 : integer)

basis set is not orthogonal It is not convenient to use.



8
>>>>>>>>><

>>>>>>>>>:

a⇤ =
1

⌦c
(b⇥ c) =

1

⌦

1

2
a

b⇤ =
1

⌦c
(c⇥ a) =

1

⌦

1

2
b

c⇤ =
1

⌦c
(a⇥ b) =

1

⌦

1

2
c

For convenience, we introduce “Conventional reciprocal vector”

where Ωc is
⌦c = a · (b⇥ c) = a3 = 2⌦

This basis set satisfies the orthogonality obviously.

We try to express the reciprocal lattice point  

gl = 2⇡ (ha⇤ + kb⇤ + lc⇤)

using conventional reciprocal vector. What is the constraint condition for h, k, l?

8
>>>>>>>>><

>>>>>>>>>:

g1 =
2⇡

⌦

1

2
(b+ c)

g2 =
2⇡

⌦

1

2
(c+ a)

g3 =
2⇡

⌦

1

2
(a+ b)

Primitive reciprocal lattice vector
8
>>>>>>>>><

>>>>>>>>>:

a⇤ =
1

⌦

1

2
a

b⇤ =
1

⌦

1

2
b

c⇤ =
1

⌦

1

2
c

conventional reciprocal lattice vector

8
><

>:

g1 = 2⇡ (b⇤ + c⇤)

g2 = 2⇡ (c⇤ + a⇤)

g3 = 2⇡ (a⇤ + b⇤)

Reciprocal lattice point is defined as
gl = l1g1 + l2g2 + l3g3 (l1, l2, l3 : integer)

substitute



gl = l1g1 + l2g2 + l3g3

= 2⇡l1 (b
⇤ + c⇤) + 2⇡l2 (c

⇤ + a⇤) + 2⇡l3 (a
⇤ + b⇤)

= 2⇡ {(l2 + l3)a
⇤ + (l3 + l1) b

⇤ + (l1 + l2) c
⇤}

On the other hand,  we try to write....

8
><

>:

h = l2 + l3
k = l3 + l1
l = l1 + l2

,

8
>>>>>>>>><

>>>>>>>>>:

l1 =
1

2
(�h+ k + l)

l2 =
1

2
(h� k + l)

l3 =
1

2
(h+ k � l)

gl = 2⇡ (ha⇤ + kb⇤ + lc⇤)

Here the constrain condition for                is that            are integer. From above formula,li
8i li

8i

l1 + l2 + l3 =
1

2
(h+ k + l)

h+ k + l = 2(l1 + l2 + l3) = 2m (m ⌘ l1 + l2 + l3)

In other word,                     MUST BE EVEN.h+ k + l

Conversely, if                    is even,h+ k + l
8
>>>>>>>>><

>>>>>>>>>:

l1 =
1

2
(�h+ k + l) =

1

2
(2m� 2h) = m� h

l2 =
1

2
(h� k + l) =

1

2
(2m� 2k) = m� k

l3 =
1

2
(h+ k � l) =

1

2
(2m� 2k) = m� l

l1, l2 and      are integer.l3

h+ k + l“                  is even” is necessary and sufficient condition for l1, l2“           and      are integer ”l3



Selection rule for Reciprocal Lattice
�gl = l1�g1 + l2�g2 + l3�g3 integer(l1, l2, l3 : )

Simple: all

Hexagonal: all

Trigonal: 

Face Centered: 

Body Centered: 

Base Centered: 

�l1 + l2 + l3 = 3m (m:integer)

l1 + l2 + l3 = 2m (m:integer)

l1 + l2 = 2m (m:integer)

li = 2m for �i or li = 2m+ 1 for �i (i = 1, 2, 3)



Rotational Symmetry

symmetry operator and operation are represented as: O��(�r) � �(��1�r)

Schrödinger Equation in crystal: 

operate
O(�|�v)

Eigenfunction

Eigenfunction

Eigenvalue

Eigenvalue�
�

h̄2

2m

���2 + V(�r)

�
exp(i��k ·�r)u��k(�r) = E�k exp(i��k ·�r)u��k(�r)

�
�

h̄2

2m

���2 + V(�r)

�
exp(i�k ·�r)u�k(�r) = E�k exp(i

�k ·�r)u�k(�r)

O(�|�v) exp(i�k ·�r)u�k(�r) = exp
�
i�k · ��1(�r��v)

�
u�k

�
��1(�r��v)

�

= exp(i��k ·�r) exp(�i��k ·�v)u�k

�
��1(�r��v)

�

� u��k(�r)

exp(i��k ·�r)u��k(�r) is also eigenstate

Now we suppose that potential is invariant for operation(�|�v)

V(�r) = V
�
��1(�r��v)

� rotational symmetry
rotation translation

same 
eigenvalue

Operate to exp(i��k ·�r)u��k(�r)O(�|�tn)

A lattice has crystalline symmetry

vector ��tn is a translation vector
 which has crystalline periodicity.

u�k(�
�1(�r��v)� ��1�tn) = u�k(�

�1(�r��v))

O(�|�tn) exp(i�
�k ·�r)u��k(�r) = exp(�i��k ·�tn) exp(i��k ·�r) exp(�i��k ·�v)

� u�k(�
�1(�r��v)� ��1�tn)

u��k(�r) � exp(�i��k ·�v)u�k(�
�1(�r��v))

O(�|�tn) exp(i�
�k ·�r)u��k(�r) = exp(�i��k ·�tn) exp(i��k ·�r)u��k(�r)

exp(i��k ·�r)u��k(�r) = O(�|�v) exp(i�k ·�r)u�k(�r)

Check periodicity...

O(�|�tn) exp(i
�k ·�r)u�k(�r) = exp(�i�k ·�tn) exp(i�k ·�r)u�k(�r)

compare

Bloch function

Bloch function

�k � ��k

Bloch Theorem



Summary of Rotational Symmetry

exp(i��k ·�r)u��k(�r) = O(�|�v) exp(i�k ·�r)u�k(�r)( ) is Bloch function

exp(i��k ·�r)u��k(�r)Eigenvalue of is equal to that of exp(i�k ·�r)u�k(�r)

1

2

�k has point group of crystal.

Advanced theme

relativistic effect (spin-orbit coupling)

E(k, �)

E(k, �)

space inverse operation

time reversal operation

E(�k, �)

E(�k, ��)

HSO = � �
4m2

0c
2
� · p � (�V0)



Atomic Origin view for Spin-Orbit Interaction:

Biot-Savart Law

B(r) = � 1

4��0c2

r � (�Zqev)

|r|3
=

1

c2
{E(r) � v}

�
E (r) =

Zqe

4��0r2

r

r

�

Using Angular Momentum operator,

B(r) =
Zqe

4��0c2

r � v

|r|3
=

Zqe

4��0c2me

L

|r|3

Hspin-orbit = �1

2
µs · B(r) =

1

2

�gs

� S
�

·
�

Zqe

4��0c2me

L

|r|3

�

=
Ze2

2m2
ec

2

1

r3
S · L

Thus magnetic interaction field operator is defined as:

Thomas precession factor: L. H. Thomas, ``The motion of the spinning electron’’ , Nature 117, 514(1926)

Spin-Orbit Interaction

Nonzero-diagonal and off-diagonal elements 

�n, l, ml, ms | Hspin-orbit | n�, m�, m�
l, m

�
s�

connecting states with equal / different n, ml, ms

Hspin-orbit � Ze2

2m2
ec

2

�

n,l

|n, l�
�

n, l

����
1

r3

���� n, l

�
�n, l| S · L

Radial Integral can be evaluated for         hydrogenic wave function obtainsl � 0

Spin-Orbit Interaction is rewritten as

Hspin-orbit =
�

n,l

�n,l |n, l� �n, l| S · L

�2

�n,l =

�
Z

a

�3 2

n3l(l + 1)(2l + 1)
= Z4�2EHa

�
µ

me

�3 1

n3l(l + 1)(2l + 1)

�n,l =

�
Z

a

�3 2

n3l(l + 1)(2l + 1)
= Z4�2EHa

�
µ

me

�3 1

n3l(l + 1)(2l + 1)

where



Crystal Effect Field Origin view for Spin-Orbit Interaction:

Anti-symmetric  Spin-Orbit Interaction (ASOI)

HASOI =
�

�g(k) · S(k)

Break down to centrosymmetric in the Crystal
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Anti-Symmetric Spin-Orbit Interaction(ASOI)

Rashba-Type 

Tuning DP Spin Relaxation

(a) [001] surface

BIA SIA BIA + SIA

(b) [110] surface

k x

yk

0

0

B

Roland Winkler, University Hannover 5

HASOI =
�

�g(k) · S(k)

Free electron model
 and

 Alkali / Alkali Earth Metal 



Which  is correct? 

(in rough k-point sampling case...)

Space Group teaches us.

Free electron Model

under  Born-von Karman Condition
V
�
�r��tn

�
= V(�r)

��
t n = n1

��
t 1 + n2

��
t 2 + n3

��
t 3

1-electron Schrödinger Equation

�
h̄2

2m

���2�(�r) = E�(�r)

Bloch-Theorem
�(�r) = ei

�k·�ru�k(�r)

u��
k

���r �
��
t n

�
= u��

k

���r
�

where u��
k

���r
�

is periodic function

u��
k

���r
�

can be represented as Fourier Series

(here,                                    )V
�
�r��tn

�
= V(�r) = 0

� �
���r

�
= ei

��
k ·��r

�

��gl

C��gl
e�i��gl·��r =

�

��gl

C��gl
e
i
“��
k���gl

”
·��r

u��
k

���r
�
=

�

��gl

C��gl
e�i��gl·��r



� E(
��
k ���gl)

plane wave 
(wave number is          )��

k ���gl

Superposition of plane waves

at��k

1-electron Schrödinger Equation

Eigenenergy

���
k
(��r ) = e

i
“��
k���gl

”
·��rEigenfunction

�
h̄2

2m

��⇥2�(�r) = E�(�r)

� �
h̄2

2m

��⇥2

�
�

�
�

��gl

C��gl
e
i
“��
k���gl

”
·��r

�
�

� = E

�
�

�
�

��gl

C��gl
e
i
“��
k���gl

”
·��r

�
�

�

�
�

��gl

�
h̄2

2m

���
k ���gl

�2

e
i
“��
k���gl

”
·��r · C��gl

�
=

�
�

�
�

��gl

E��
k
C��gl

e
i
“��
k���gl

”
·��r

�
�

�

�
�

��gl

��
h̄2

2m

���
k ���gl

�2

� E��
k

�
e
i
“��
k���gl

”
·��r · C��gl

�
= 0

E(
��
k ���gl) =

h̄2

2m

���
k ���gl

�2

Nearly Free electron model (NFE)

under  Born-von Karman Condition (periodic boundary condition)

V
�
�r��tn

�
= V(�r)

��
t n = n1

��
t 1 + n2

��
t 2 + n3

��
t 3

Potential can be represented as Fourier series
V
���r

�
=

�

��gl

V��gl
ei

��gl·��r

Fourier Component of  ��g l

�
V��
gl

=
1

�c

���

�c

e�i��gl·��r V(��r )dV
�

Hamiltonian Matrix element( 2-wave approximation)

H =

�
���
k
+ ⇥

��
k |V |

��
k ⇤ V��gl

V���gl
���
k+��gl

+ ⇥
��
k +��gl |V |

��
k +��gl⇤ V��gl

�

where
���
k
���V

���
��
k ⇥

�
� 1

�

���
e�i(

��
k ��

��
k )·��r V(r)dV



���
k
���V

���
��
k
�
=

���
k +��gl

���V
���
��
k +��gl

�
� V��

k

Here 

E��
k
=

1

2

�
���
k
+ ���

k+��gl

�
+ V��

k
±

�����
k
+ ���

k+��gl

2

�2

+
��V��gl

��2

Eigenenergy

Free electron Model

Eigenenergy

to convenient
Energy unit h̄2

2m

�
2�

a

�2

Eigenenergy

��k(�r) = exp

�
2�i

a
[(�� n1)x+ (�� n2)y+ (�� n3)z]

�Eigenfunction
E(��gl) = E(

��
k ���gl) = (⇤� n1)

2 + (⇥� n2)
2 + (�� n3)

2

�

���
k =

2⌅

a

�

�
⇤
⇥
�

�

� , ��gl =
2⌅

a

�

�
n1

n2

n3

�

�

�

�

Cubic Lattice case



Li3

Na11

K19

Rb37

Cs55

Fr87

the body centered cubic (bcc)

Alkali Metals

space group
Im3m (Oh9)

bcc

bcc

bcc

bcc

bcc

bcc

free electron

Fermi surface is “sphere” in shape.

It is called “fermi sphere”

nearly free electron

h̄2k2F
2m

= EF � k2x + k2y + k2z =
2mEF

h̄2
(1)



bcc free electron

��k(�r) = exp

�
2�i

a
[(�� n1)x+ (�� n2)y+ (�� n3)z]

�

E(��gl) = E(
��
k ���gl) = (⇤� n1)

2 + (⇥� n2)
2 + (�� n3)

2

�

���
k =

2⌅

a

�

�
⇤
⇥
�

�

� , ��gl =
2⌅

a

�

�
n1

n2

n3

�

�

�

�

bcc free electron

E(��gl) = E(
��
k ���gl) = (⇤� n1)

2 + (⇥� n2)
2 + (�� n1)

2

�

���
k =

2⌅

a

�

�
⇤
⇥
�

�

� , ��gl =
2⌅

a

�

�
n1

n2

n3

�

�

�

�

E = 0; �k =
2�

a

�

�
0
0
0

�

� ,��gl =
2�

a

�

�
0
0
0

�

�

E = 2; �k =
2�

a

�

�
0
0
0

�

� ,��gl =

�
�

�
2�

a

�

�
0
±1
±1

�

� ,
2�

a

�

�
±1
0
±1

�

� ,
2�

a

�

�
±1
±1
0

�

�

�
�

�



bcc free electron

E(H) = n2
1 + n2

2 + (n3 � 1)2

�

��k =
2�

a

�

�
0
0
1

�

�

�

�

E = 1; ��gl =

�
�

�
2�

a

�

�
0
±1
1

�

� ,
2�

a

�

�
±1
0
1

�

� ,
2�

a

�

�
0
0
0

�

� ,
2�

a

�

�
0
0
2

�

�

�
�

�

E(��gl) = E(
��
k ���gl) = (⇤� n1)

2 + (⇥� n2)
2 + (�� n3)

2

�

���
k =

2⌅

a

�

�
⇤
⇥
�

�

� , ��gl =
2⌅

a

�

�
n1

n2

n3

�

�

�

�

bcc free electron

wavefunction is given as

at H,

therefore

��k(�r) = exp

�
2�i

a
[(�� n1)x+ (�� n2)y+ (�� n3)z]

�

�H(�r) = exp

�
2�i

a
z

�
� exp

�
�
2�i

a
(n1x+ n2y+ n3z)

� �

��Kn =
2�

a

�

�
n1

n2

n3

�

�

�

�

� = � = 0, � = 1



bcc free electron

E = 1; �Kn =

�
�

�
2�

a

�

�
0
±1
1

�

� ,
2�

a

�

�
±1
0
1

�

� ,
2�

a

�

�
0
0
0

�

� ,
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exp
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a
x

�

exp

�
±2�

a
y

�

exp

�
±2�

a
z

�

wavefunction is given as

Symmetrization
These wavefunction are 

 not convenient to 
reflect crystal potential  

which has crystal symmetry

�a(�r),�b(�r)if are eigenfunction which have same eigenvalue:
H�a(�r) = Ej�a(�r)

H�b(�r) = Ej�b(�r)

then
1�
2

�
�a(�r) +�b(�r)

� 1�
2

�
�a(�r)��b(�r)

�
and are also eigenfunction.

In generally, p-fold degenerate states,
�
�1(�r),�2(�r), · · · ,�j(�r), · · ·�p(�r)

� �
�1(�r),�2(�r), · · · ,�j(�r), · · ·�p(�r)

�

generated by linear combination 
�1(�r),�2(�r), · · · ,�j(�r), · · ·�p(�r)

planewave type symmetrization APW,OPW

linear combination atomic orbital type symmetrization



bcc free electron
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exp
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wavefunction is given as

Symmetrization
These wavefunction are 

 not convenient to 
reflect crystal potential  

which has crystal symmetry

at H (energy E=1)

change  
          basis set

�H(�r) =

�
�����������

�����������

exp

�
±2�

a
x

�

exp

�
±2�

a
y

�

exp

�
±2�

a
z

�

H1 = cos

�
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a
x

�
+ cos

�
2�

a
y

�
+ cos

�
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a
z

�
(s-type)

H12 =

�
���

���
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�
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�
�
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�
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�
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a
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�
+ cos

�
2�

a
y

��
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a
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�
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a
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a
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a
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a
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(p� type)



bcc free electron

wavefunction is given as

at N,

therefore

� = � = 1/2, � = 0

�N = exp

�
�i

a
(x+ y)

�
� exp

�
�
2�i

a
(n1x+ n2y+ n3z)

�

at N (energy E=1/2)

change  
          basis set

E(N) =

�
n1 �

1

2

�2

+

�
n2 �

1

2

�2

+ n2
3

�Kn =

�
�

�
2�

a

�

�
0
0
0

�

� ,
2�

a

�

�
1
1
0

�

�

�
�

�

�N(�r) = exp

�
±2�i

a
(x+ y)

� N1 = cos

�
2�i

a
(x+ y)

�
(s-type)

N�
1 = sin

�
2�i

a
(x� y)

�
(p-type)



free electron

non-crossing rule

Energy

k

Energy

k

Density of State (free electron)

N (�) = V0
(2m)3/2

4�2 h̄3

�
�



Free electron Model

Hexagonal Lattice case

��gk =
2⇥

�c

���
t i �

��
t j

�

Eigenenergy
E(��gl) � E(

��
k ���gl) =

h̄2

2m

���
k ���gl

�2

Be4

Mg12

Ca20

Sr38

Ba56

Ra88

hexagonal closed package (hcp)

Alkaline Earth Metals

space group
P63/mmc (D6h4)

hex

hex

fcc

fcc

bcc

bcc

same space group,
but distortional hcp 

2atom/unit cell

c/a(Be) = 1.585
c/a(Mg) = 1.625



free electron band and Be band

S-type
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by K. Shirai(Osaka Univ.)
Practical case(Graphite)

Tight-binding Model

Linear Combination Atomic Orbital(LCAO) Method
(simplified LCAO)

J. C. Slater and G. F. Koster , Phys. Rev. 94 p.1948(1954)

wave function

�k,n(r) =
1�
N

�

Ri

exp(ik · Ri)⇥n(r� Ri)

Hamiltonian Matrix Element
Hn,m =

�
�k,n(r)

��H
���k,m(r)

�
=

1

N

�

Ri

�

Rj

exp

�
ik · (Rj � Ri)

��
⇥�

n (r� Rj)H⇥m (r� Ri)dr

=
1

N

�

Ri,Rj

exp

�
ik · (Rj � Ri)

��
⇥�

n (r� Rj)H⇥m (r� Ri)dr



Overlap Matrix Element
Sn,m =

�
�k,n(r)

���k,m(r)
�
=

1

N

�

Ri

�

Rj

exp

�
ik · (Rj � Ri)

��
⇥�

n (r� Rj)⇥m (r� Ri)dr

=
1

N

�

Ri,Rj

exp

�
ik · (Rj � Ri)

��
⇥�

n (r� Rj)⇥m (r� Ri)dr

Secular Equation
�

n

{Hm,n(k)� �iSm,n(k)} ci,n(k) = 0



sp3 basis function

�
����

����

|h1� = 1
2 {|s�+ |px�+ |py�+ |pz�} [111]

|h2� = 1
2 {|s�+ |px�� |py�� |pz�} [11̄1̄]

|h3� = 1
2 {|s�� |px�+ |py�� |pz�} [1̄11̄]

|h4� = 1
2 {|s�� |px�� |py�+ |pz�} [1̄1̄1]

(Td-Symmetry basis function)
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Diamond without Spin-Orbit (FLAPW)
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InP without Spin-Orbit (FLAPW)

Diamond TypeZinc-Blende Type

Using package in this lecture

Local Density Approximation(LDA) based on Density Functional Theory(DFT)
Full potential Linearized Augmented Planewave(FLAPW)

include relativistic effect (spin-orbit interaction)

Ab initio calculation
KANSAI2016

space group

3D-picture

3-dimensional graphical library (tpersp) 

TSPACE99

TPERSP AYPLOT

PostScript(PS) drawing library (ayplot)
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