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Phonon (lattice vibration)

• Density functional theory (DFT) is theory at absolute zero (T = 0 K) 

• Lattice or molecular vibration affects physics at finite temperature. 

How to treat lattice vibration 
in crystals?

Ab initio phonon calculation
Ab initio molecular dynamics
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Phonon physics
Phonon dispersion relation

• Raman, IR, INS, IXS measurements 

• Dynamical stability

Transport

Thermodynamics & mechanics
• Vibrational entropy, Helmholtz free energy, … 

• Lattice constant, elastic constants at finite temperature 

• Phase transformation at finite temperature

• Phonon thermal transport 

• Scattering of electrons by el-ph coupling 

• Phonon-mediated superconductivity

Dielectrics
• Dielectric constant 

• Band-gap renormalization by phonons
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Lattice vibration in energy materials

Thermoelectric  
materials

(Piezo, ferro)electric  
materials

Photovoltaic  
materials

MOF

Thermal  
conductivity

Structural  
phase transition

Thermal stability

Electron-phonon 
coupling

• Quantitative prediction & robust understanding of thermophysical 
properties is desired. 

• Challenging due to anharmonic effects
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• Thermoelectric (TE) devices efficiently 
convert a temperature difference to an 
electrical potential, and vice versa.  

• Electrical power generation (Seebeck 
effect) 

• Cooling (Peltier effect) 

• About 60% of energy is lost as heat

Thermoelectric (TE) materials

J.-F. Li et al., NPG Asia Mater 2, 152 (2010).

BMW 530i NASA Voyager
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Thermoelectric figure of merit

Lattice Thermal Conductivity 
(LTC)  < 1.0 W/mK

Figure of merit

For high energy efficiency, new and abundant materials that possess high 
figure-of-merit are necessary 

Seebeck coefficient  
> 100 μV/K

Electrical conductivity  
> 103 / (Ω･m)

ZT > 1 is necessary, ZT > 2 or higher is desired.  
Design principle looks simple but realizing higher ZT is challenging.
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Strong anharmonicity in thermoelectric materials

Bi2Te3

AgGaTe2

SnSe

Clathrate Skutterudite

• Chalcolagenide TE materials
• PbTe, Bi2Te3, SnSe, AgGaTe2, Cu2Se, … 
• Lone pair 

• Host-guest structures
• Clathrates, Skutterudites, Pyrochrore 
• “Rattling” guest

Large atomic displacement factor
Strong anharmonicity 
Ultralow κL & its unusual T-dependence

Large atomic 
displacement

Strong 
anharmonicity

Breakdown of 
harmonic approx.
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Strong anharmonicity in other materials
High-Tc superconductors Negative  

thermal expansionH3S

Nature 525, 73 (2015).

1.2 Purpose of our study 5

(a) (b)

Figure1.3: (a): Structure of metal trifluorides. This structure is similar to the perovskite but there
is no A-site atoms. Fluorides form the octahedra around metals. (b): Lattice parameter and the
CTE of ScF3 [5]. The black line is fitted to the lattice parameter and the red dashed line is the linear
CTE. The green line is the difference between the experimentally determined lattice parameter and
the spline fit.

1.2 Purpose of our study

From the previous studies, it is known that anharmonicity is important for understanding NTE in

ScF3. However, how each-order anharmonicity plays a role in NTE is unclear and the microscopic

comprehension needed for designing and controlling NTE is still lacking. Hence, in this study,

we aim to understand the relation between NTE and anharmonicity more deeply by using an

efficient first-principles method, where we analyze the effect of cubic and quartic anharmonicities

separately. This calculation method is independent of the structure of the target materials and

applicable for the discussion of phase stability.

1.3 Outline of the thesis

In Chapter 2, we introduce some conventional methods to calculate CTE and the one we used in

this study. In Chapter 3 and 4, we show the results of the electronic structure, phonon frequencies

and CTEs of ScF3 and detailed discussion on these results. The conclusion of my thesis is given

in Chapter 5.
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ScF3

Perovskite solar cell

JACS 132, 15496 (2010).
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ABSTRACT: Environmental effects and intrinsic energy-loss processes lead to
fluctuations in the operational temperature of solar cells, which can profoundly
influence their power conversion efficiency. Here we determine from first-
principles the effects of temperature on the band gap and band edges of the
hybrid pervoskite CH3NH3PbI3 by accounting for electron−phonon coupling
and thermal expansion. From 290 to 380 K, the computed band gap change of
40 meV coincides with the experimental change of 30−40 meV. The calculation
of electron−phonon coupling in CH3NH3PbI3 is particularly intricate as the
commonly used Allen−Heine−Cardona theory overestimates the band gap
change with temperature, and excellent agreement with experiment is only
obtained when including high-order terms in the electron−phonon interaction.
We also find that spin−orbit coupling enhances the electron−phonon coupling
strength but that the inclusion of nonlocal correlations using hybrid functionals
has little effect. We reach similar conclusions in the metal−halide perovskite
CsPbI3. Our results unambiguously confirm for the first time the importance of high-order terms in the electron−phonon
coupling by direct comparison with experiment.

Metal−halide hybrid perovskites are promising candidates
as light absorbers for the next generation of solid-state

hybrid photovoltaic devices.1−7 Their solar power conversion
efficiency has reached 22.1%,8 an impressive achievement
considering that the first perovskite-based solar cell was only
made 7 years ago.1 These light-absorbing materials belong to
the perovskite family ABX3, where A is a cation located at the
center of a cube formed from corner-sharing BX6 octahedra.
Methylammonium lead iodide, MAPbI3, where MA

represents the organic cation CH3NH3
+, has an optimal band

gap for light absorption of 1.6 eV and exhibits large electron
and hole diffusion lengths, which make it a prime candidate for
solar cell applications.3,4 Another factor determining the
efficiency of a solar cell is the band alignment between the
light absorber and its transport layers.9 As an example, a
common electron transport layer is TiO2, which has a
conduction band that is only 0.1 eV lower than that of
MAPbI3.

10

Solar cell devices are subject to significant temperature
variations under normal operating conditions.11 Ambient
temperatures can oscillate between 250 and 310 K, and
energy-loss mechanisms associated with the conversion of solar
power to electric power can increase the operating temperature
of the cell above 340 K.11−13 These temperature fluctuations
can affect both the absorption onset and band alignment and

therefore the performance of the solar cell, as was demonstrated
for MAPbI3-based solar cells, which showed an open-circuit
voltage drop from 1.01 to 0.83 V as the temperature increased
from 300 to 360 K.14 Recently, two experimental studies have
investigated the temperature-dependent properties of MAPbI3
and reported changes in the band gap reaching 40 meV in the
temperature range of solar cell operation15,16 and even larger
changes exceeding 100 meV in the individual band edges.15

While the properties of MAPbI3 are well-characterized both
theoretically and experimentally, there is an increasing research
effort to find alternatives to this light absorber,17−20 with the
aim of tuning the physical properties of the solar cells and
moving toward lead-free devices. In this context, it would be
desirable to accurately calculate the effects of temperature
changes to aid in the computational design of novel perovskite
solar cell materials under real working conditions. Unfortu-
nately, the organic−inorganic nature of MAPbI3, together with
the presence of heavy Pb atoms, makes it a challenging system
to study from first-principles.21−28
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Accepted: December 3, 2016
Published: December 4, 2016

Letter
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© 2016 American Chemical Society 5247 DOI: 10.1021/acs.jpclett.6b02560
J. Phys. Chem. Lett. 2016, 7, 5247−5252

MAPbI3

J. Phys. Chem. Lett. 7, 5247 (2016).

Structural  
phase transition SrTiO3

Tetragonal Cubic

105 K
Thermodynamical stability 
Optical properties 
Transport properties 
Elastic properties

Anharmonicity affects many 
properties
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How to include anharmonic effects?

Molecular Dynamics (MD) methods 
✓ Full anharmonicity 
✓ (Dynamical) disorders 
✗ Classical statistics 
✗ Long-time & large-scale simulation is necessary 
✗ DFT-MD is very costly

Y. He et al., Phys. Chem. Chem. Phys. 14, 16209 (2012).

Many-body theory 
✓ Quantum statistics 
✓ Thermodynamic limit is accessible 
✗ Anharmonic effects are included only partially 
✗ Requires anharmonic coupling constants

· · ·

· · ·

anharmonic correction

MIR̈I = FI
<latexit sha1_base64="eCctYDp+jL7gpv8EB0PtwKycHO0="></latexit><latexit sha1_base64="eCctYDp+jL7gpv8EB0PtwKycHO0="></latexit><latexit sha1_base64="eCctYDp+jL7gpv8EB0PtwKycHO0="></latexit><latexit sha1_base64="eCctYDp+jL7gpv8EB0PtwKycHO0="></latexit>
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Outline of our approach

· · ·

· · ·

Many-body theoryDFT calculation
Anharmonic  

lattice model (ALM)

Molecular dynamics 
(DFT, Machine 
learning FF)

Thermal properties

• Phonons at finite temperature 
• Vibrational free-energy (beyond QHA) 
• Structural phase transition 
• Thermal conductivity 
• Thermal expansion 
• …

compressive 
sensing 
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Phonons (harmonic)
k

V =
X

i

1

2
k(ui � ui�1)

2potential energy

Eq. of motion

dispersion relation

a

!q

q

Linear chain

Generalization to 3D

potential energy
dispersion relation

Eq. of motion

Harmonic force constants

displacement
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Taylor expansion of potential energy surface
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<latexit sha1_base64="iEPquvQ+RQxcDv2rE7KKQYvu8Zg="></latexit>

u(`) = R(`)�R0(`)
<latexit sha1_base64="JRsbITa7iZJ19o6uo/0VCFggPEc="></latexit>

is atomic displacement from the equilibrium position R0(`)
<latexit sha1_base64="3Yasg3XIfy1X8OM6b5eaNs3reTg="></latexit>

�µ1...µn(`11; . . . ; `nn) =
@nU

@uµ1(`11) · · · @uµn(`nn)

����
{u}=0

<latexit sha1_base64="W1RiuunzGr0mjbyfX+5ylcnJDo0="></latexit>

   th-order interatomic force constant (IFC):n
<latexit sha1_base64="DyBmRYxdA3RUZQKpjSxfJQOWn0g="></latexit>
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Limitation of the harmonic approx.

Ĥ0 =
X

q

~!q

�
b̂
†
q b̂q +

1

2

�

<latexit sha1_base64="QArOEQDrw0J49OmlCf5dhn6fOJ0="></latexit>

✗ Phonon is non-interacting  
→ infinite lifetime  
→ infinite thermal conductivity 

✗ Phonon is volume-independent  
→ no thermal expansion 

✗ Phonon is temperature-independent  
→ no structural phase transition

!q
<latexit sha1_base64="uQeaQbAgjaNj0YTMpMo3e/RtVgM="></latexit>
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<latexit sha1_base64="2BdExlXttN360VT0HDjixZ/NH3A="></latexit>

!q +�q(T )
<latexit sha1_base64="q101utA0uruwIUW76iQ25hO/kEU="></latexit>
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Anharmonicity (phonon-phonon interaction)

Ĥ0 =
X

q

~!q

�
b̂
†
q b̂q +

1

2

�

<latexit sha1_base64="QArOEQDrw0J49OmlCf5dhn6fOJ0="></latexit>

✓ Phonon is interacting via anharmonicity  
→ finite lifetime  
→ finite thermal conductivity 

✓ Phonon is volume-dependent  
→ finite thermal expansion 

✓ Phonon is temperature-dependent  
→ explains structural phase transition 

!q
<latexit sha1_base64="uQeaQbAgjaNj0YTMpMo3e/RtVgM="></latexit>
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!q +�q(T )
<latexit sha1_base64="q101utA0uruwIUW76iQ25hO/kEU="></latexit>

+Û3 + Û4 + · · ·
<latexit sha1_base64="yR5FL83aMztyzTUSO1f6BlKRFsE="></latexit>
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Vibrational many-body theory

Ĥ0 =
X
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!q +�q(T )
<latexit sha1_base64="q101utA0uruwIUW76iQ25hO/kEU="></latexit>

+Û3 + Û4 + · · ·
<latexit sha1_base64="yR5FL83aMztyzTUSO1f6BlKRFsE="></latexit>

Dyson equation

�q(!) = �Re⌃q(!)

�q(!) = Im⌃q(!)Aq(!) =
1

⇡
ImDq(!)

<latexit sha1_base64="jFNPJflIRo02pN/64SJhHsb/7VI="></latexit>
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Anharmonic self-energy
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Bubble self-energy

(in high-T region                 ) 

Linewidth

Lifetime

Phonon scattering by the three-phonon process
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Maradudin and Fein, Phys. Rev. 128, 
2589 (1962).



10-fold  
reduction

Phonon lifetimes in Ge-based materials
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d-Ge Ge46 Ba8Ga16Ge30

10x larger phonon-phonon scattering rate of heat-carrying acoustic 
phonons induced by low-energy rattling guest modes in BGG

TT, Y. Gohda, and S. Tsuneyuki, PRL 114, 095501 (2015).
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Lattice thermal conductivity
Fourier’s law j = �rT

<latexit sha1_base64="fn3aeVuEYPFZfpGA4iSalacNdFw="></latexit>
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Heat flux in “phonon gas” model

Relaxation-time approx.
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BTE-RTA
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Lattice thermal conductivity from Peierls-Boltzmann theory

Boltzmann transport eq. (BTE)

✓ Correct treatment of zero-point vibration 
✓ Reasonably accurate & efficient 
✗ Neglect 4th-order anharmonicity 
✗ Breakdown when an imaginary mode exists
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LTC reduction by rattler

20-fold reduction

TT, Y. Gohda, and S. Tsuneyuki, PRL 114, 095501 (2015).

empty clathrate

filled clathrate
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First-principles calculation of 

ATSUSHI TOGO, LAURENT CHAPUT, AND ISAO TANAKA PHYSICAL REVIEW B 91, 094306 (2015)
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FIG. 1. (Color online) Lattice thermal conductivities calculated
at 300 K with respect to volume per formula unit.

part of the self-energy. For the Hamiltonian H the expansion
can be written as

H = !0 + T + H2 + H3 + · · · , (1)

with

T =1
2

∑
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mκ [u̇α(lκ)]2 , (2)
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BN

BP

AlP AlAsAlSb
GaP

GaAs
GaSb

InP

InAs
InSb

ZnS

ZnSe
ZnTe

CdTe

AlNGaN BeO

ZnO

CdS

CuCl

CuBr

CuI

AgI

SiC

 100

 101

 102

 103

 100  101  102  103

κ 
ca

lc
ul

at
io

n 
(W

/m
-K

)

κ experiment (W/m-K)

Zincblende-type
Wurtzite-type

FIG. 2. (Color online) Comparison in lattice thermal conductivi-
ties at room temperature between experiments and calculations with
RTA and without isotope scattering.

H3 =1
6

∑

lκα

∑

l′κ ′β

∑

l′′κ ′′γ

!αβγ (lκ,l′κ ′,l′′κ ′′)

× uα(lκ)uβ(l′κ ′)uγ (l′′κ ′′), (4)

where !0, T , and Hn correspond to the constant potential,
kinetic energy, and n-body crystal potential terms, respectively.
u(lκ) is the atomic displacement of the κth atom in the lth unit
cell, mκ is the atomic mass of type κ , and α, β, and γ are
the Cartesian indices. !αβ and !αβγ denote the harmonic and
cubic anharmonic force constants, respectively. The harmonic
Hamiltonian is defined as HH = T + H2.

An atomic displacement operator may be written as
[18]

uα(lκ) =
(

!
2Nmκ

)1/2 ∑

qj

ω
−1/2
qj [âqj + â

†
−qj ]

× eiq·r(lκ)Wα(κ,qj ), (5)

where N is the number of unit cells in the crystal and
! is the reduced Planck constant. r(lκ) is the equilibrium
atomic position and â

†
qj and âqj are the phonon creation and

annihilation operators of the normal mode of band index j and
wave vector q. The harmonic frequency ωqj and polarization
vector W(κ,qj ) are obtained from the eigenvalue problem of
a dynamical matrix D(q),

∑

κ ′β

Dαβ(κκ ′,q)Wβ (κ ′,qj ) = ω2
qjWα(κ,qj ), (6)

with

Dαβ(κκ ′,q) = 1
√

mκmκ ′

∑

l′

!αβ(0κ,l′κ ′)eiq·[r(l′κ ′)−r(0κ)].

(7)

Using Eq. (5) the Hamiltonian H is easily expressed using
creation and annihilation operators. We obtain the harmonic
part as a sum of harmonic oscillators,

HH =
∑

qj

!ωqj

(
1
2

+ â
†
qj âqj

)
, (8)

and the third-order potential as a sum of three-phonon
collisions

H3 =
∑

λλ′λ′′

!λλ′λ′′(âλ + â
†
−λ)(âλ′ + â

†
−λ′ )(âλ′′ + â

†
−λ′′ ). (9)

Here the phonon modes (q,j ) and (−q,j ) have been abbrevi-
ated by λ and −λ, respectively. !λλ′λ′′ represent the strength
of interaction between the three phonon λ, λ′, and λ′′ involved

094306-2

A. Togo, L. Chaput, and I. Tanaka,  
Phys. Rev. B 91, 094306 (2015).

SiMg2Si

PbTe

Bi2Te3
Ba8Ga16Ge30

Lines : calculation 
Points: experiment

BTE-RTA
• VASP code

• PBEsol xc-functional

• ALAMODE package 

phono3py software



SoftwaresCode Developer Language, 
License Features Interfaces

ShengBTE 
(almaBTE)

N. Mingo  
(CEA, France)

Fortran (C++), 
GPL 

• Iterative solution to BTE

• Thermal transport in 

nanostructure

• MPI parallelization

VASP, QE, GULP

phonopy, 
phono3py

A. Togo  
(Kyoto)

Python & C, 
BSD 3-clause

• Direct solution to BTE

• QHA

• API for python and C

• Easy to use

VASP, ABINIT, QE, 
SIESTA, Elk, FHI-aims, 

WIEN2k, CRYSTAL

PhonTS
A. 

Chernatynskiy 
(U. Florida)

Fortran, GPL

• Iterative and variational 
solution to BTE


• QHA

• Includes empirical force fields

• MPI parallelization

VASP, QE, LAMMPS

ALAMODE T. Tadano  
(NIMS) C++, MIT

• RTA 
• Self-consistent phonon 

calculation 
• MPI + OpenMP parallelization


VASP, QE, xTAPP, 
OpenMX, LAMMPS, 

GULP

https://atztogo.github.io/phonopy/procedure.html#tutorial
https://atztogo.github.io/phonopy/procedure.html#tutorial
https://atztogo.github.io/phonopy/abinit.html#abinit-interface
https://atztogo.github.io/phonopy/siesta.html#siesta-interface
https://atztogo.github.io/phonopy/elk.html#elk-interface
https://atztogo.github.io/phonopy/wien2k.html#wien2k-interface
https://atztogo.github.io/phonopy/crystal.html#crystal-interface
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Limitation of the perturbative approach

The perturbation approach 
• tends to become inaccurate when the anharmonicity is strong 
• breaks down when the harmonic phonon is unstable (           )!2

q < 0
<latexit sha1_base64="r9TvkVoZo7yCU8+ovOsmtbhFG0s="></latexit>

Harmonic Anharmonic

Si PbTe Cubic SrTiO3

Ĥ0 =
X

q

~!q

�
b̂
†
q b̂q +

1

2

�

<latexit sha1_base64="QArOEQDrw0J49OmlCf5dhn6fOJ0="></latexit>

“imaginary phonon”
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Temperature dependence of phonon frequency

Temperature dependence of phonon frequency 𝜔q and eigenvector eq is significant in 
energy harvesting materials!

G. Shirane and Y. Yamada,  
Phys. Rev.177, 858 (1969). K. Suekuni et al., PRB 81, 205207 (2010)

O. Delaire et al, Nature Mater. 10, 614 (2011)
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Frequency renormalization

Stochastic implementation :  Errea et al., PRB 2014 
Deterministic implementation: TT and S. Tsuneyuki, PRB 2015

Effective force constant from MD:  Hellman et al., PRB 2013

Self-consistent phonon theory:

QR25
<latexit sha1_base64="WrG2IyClBwk6HXEMru3AXafIiMU="></latexit>

(a) (b)

1

2
⌦2Q2

<latexit sha1_base64="IWcLZ2gJYTRolKYQLJluzxHzguw="></latexit>

1

2
!2Q2

<latexit sha1_base64="WtlUfBgPNvyKnurly8ItwMn8r7s="></latexit>

立方晶 (          ) 正方晶 (           )

Sr

O

Ti

(c)

hQR25i 6= 0
<latexit sha1_base64="fz2G7azXf9awvbJHreZ2c0/A8SQ="></latexit>

hQR25i = 0
<latexit sha1_base64="uTCHZNgtuEhsVTeBqcvQpvbpqUw="></latexit>

Pm3̄m
<latexit sha1_base64="5PDZgMpVqnJZUeRozFdYrcgA9vE="></latexit>

I4/mcm
<latexit sha1_base64="2Nfz1nj920h18AOVRq8nY/MfYnA="></latexit>

Q
<latexit sha1_base64="CVGGTcjKZO30lVuns1t2JD5Suvg="></latexit>

thermal fluctuation�̃ij(T ) = �ij +
1

4

X

kl

�ijklhukuli
<latexit sha1_base64="qhTsIL2L2FejlDegTZUJpGzqhWg="></latexit>

⌦2 / T � Tc
<latexit sha1_base64="4ekRC13T5Ly+Ik6FlfHJVa5WbyM="></latexit>
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Self-consistent phonon theory

Effective one-body Hamiltonian : H̃0 =
X

q

~⌦q(a
†
qaq +

1

2
)

<latexit sha1_base64="oGBddNXx0XKboUKeYRQ2L1DySpI="></latexit><latexit sha1_base64="oGBddNXx0XKboUKeYRQ2L1DySpI="></latexit><latexit sha1_base64="oGBddNXx0XKboUKeYRQ2L1DySpI="></latexit><latexit sha1_base64="oGBddNXx0XKboUKeYRQ2L1DySpI="></latexit>

⇢ =
e��H̃0

Tre��H̃0
<latexit sha1_base64="NHK/aShZwifOwtROxBgNvZNb5RE="></latexit><latexit sha1_base64="NHK/aShZwifOwtROxBgNvZNb5RE="></latexit><latexit sha1_base64="NHK/aShZwifOwtROxBgNvZNb5RE="></latexit><latexit sha1_base64="NHK/aShZwifOwtROxBgNvZNb5RE="></latexit>

F [⇢] = F̃0 + hH � H̃0i0 � F
<latexit sha1_base64="qnZl+5r40PntJ69k+UMCVAg3fYw="></latexit><latexit sha1_base64="qnZl+5r40PntJ69k+UMCVAg3fYw="></latexit><latexit sha1_base64="qnZl+5r40PntJ69k+UMCVAg3fYw="></latexit><latexit sha1_base64="qnZl+5r40PntJ69k+UMCVAg3fYw="></latexit>

“Hatree-Fock” theory for phonons. (mean-field approximation)

Let us introduce an operator ρ defined as

Then, the following Gibbs inequality holds:

The self-consistent phonon (SCP) frequency is obtained via 
�F [⇢]

�⇢
= 0

<latexit sha1_base64="9qCDAdrfimgU3xkg0OUFAQJiZNE="></latexit><latexit sha1_base64="9qCDAdrfimgU3xkg0OUFAQJiZNE="></latexit><latexit sha1_base64="9qCDAdrfimgU3xkg0OUFAQJiZNE="></latexit><latexit sha1_base64="9qCDAdrfimgU3xkg0OUFAQJiZNE="></latexit>

N. R. Werthamer, Phys. Rev. B 1, 572 (1970)
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Self-consistent phonon theory
How to update ρ (effective Hamiltonian)?

Stochastic self-consistent harmonic approximation (SSCHA)

• Use conjugate gradient method to update ρ and F[ρ] by 
repeatedly calculating atomic forces in supercells.  

• The gradient of F[ρ] is calculated stochastically. 
• Full anharmonicity included  

I. Errea et al., Phys. Rev. B 89, 064302 (2014).

Self-consistent phonon approach based on force constants (SCP)

TT and S. Tsuneyuki, Phys. Rev. B 92, 054301 (2015).

• Compute δF[ρ]/δρ = 0 analytically and derive the self-consistent 
equation by truncating the higher-order anharmonic terms.

hH � H̃0i0 = hH0 � H̃0 + U3 + U4 + . . .i0 ⇡ hH0 � H̃0 + U4i0
<latexit sha1_base64="NnASG8sEhQKPuDjgUjnJ0Zfa1ko="></latexit><latexit sha1_base64="NnASG8sEhQKPuDjgUjnJ0Zfa1ko="></latexit><latexit sha1_base64="NnASG8sEhQKPuDjgUjnJ0Zfa1ko="></latexit><latexit sha1_base64="NnASG8sEhQKPuDjgUjnJ0Zfa1ko="></latexit>

• Efficient calculation of ρ and F[ρ] at various temperature 
• Higher-order terms (sixth, eight, …) are neglected.
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Self-energy in SCP theory
We only consider the frequency-independent first-order self-energies (loop 
and tadpole):

T

5 T T
L ,
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Self-energy in perturbation theory

Self-energy in self-consistent phonon theory
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Phonon version of Hartree-
Fock approximation. 
cf. Fetter & Walecka chap. 4
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Temperature dependent phonon in cubic SrTiO3

HSE hybrid functional 

Anharmonic stabilization of soft modes

Green line:  
SCP result@300K

Red circle:  
INS result@300 K

TT and S. Tsuneyuki, J. Phys. Soc. Jpn. 87, 041015 (2018) 
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What about the bubble self-energy? 
The SCP propagator does not include the bubble self-energy, which gives the 
lowest-order contribution to the phonon line width. How can we include it?

Bft.im:7
Dglw) Dicus

i÷n;÷=÷+÷:+:÷
"

: .in .

Bft.im:7
Dglw) Dicus

i÷n;÷=÷+÷:+:÷
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: .in .
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Green line:  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⇡
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direct method 2nd order 
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• phonon
• group vel.

lifetime3rd order 
force constant
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conductivity
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Improved theory for lattice thermal conductivity

SCP + BTE

bubble (cubic)

loop (quartic)

µ⌫
ph =

1

NqV

X

q

cq(T )v
µ
q (T )v

⌫
q (T )⌧̃q(T )

2nd, 4th order 
force constant

• T-dep. phonon
• T-dep. group vel.

Self-consistent 
phonon calc.
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Phonon transport in cubic SrTiO3

SCP + BTE µ⌫
ph =

1

NqV

X

q

cq(T )v
µ
q (T )v

⌫
q (T )⌧̃q(T )

Theory 
(only cubic term)

New theory 
(cubic & quartic terms)

TT and S. Tsuneyuki, J. Phys. Soc. Jpn. 87, 041015 (2018) 
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Anharmonic lattice model (ALM)

Taylor expansion of potential energy:

VALM = V2 + V3 + V4 + · · ·

=
1

2

X

i,j

�ijuiuj +
1

3!

X

i,j,k

�ijkuiujuk +
1

4!

X

i,j,k,`

�ijk`uiujuku` + · · ·
<latexit sha1_base64="4dD5J1t6Vw3JP8LzcAdmmuthi2k="></latexit><latexit sha1_base64="4dD5J1t6Vw3JP8LzcAdmmuthi2k="></latexit><latexit sha1_base64="4dD5J1t6Vw3JP8LzcAdmmuthi2k="></latexit><latexit sha1_base64="4dD5J1t6Vw3JP8LzcAdmmuthi2k="></latexit>

M:  The number of independent parameters

= b ·�
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parameters
basis

FALM = �@VALM

@u
= �@bT

@u
� = A�
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6664
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i u(1)
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k · · ·
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Parameters:  
maximum order, cutoff radii



�39

Parameter estimation by least squares
The parameter vector is determined so that the ALM force best reproduces the DFT 
force (a.k.a. force matching method).

All parameters can be determined uniquely if matrix A is overdetermined.

�ijk =
@3V

@ui@uj@uk
= � @Fk

@ui@uj

⇡ � 1

4h2
[Fk(ui = h, uj = h) � Fk(ui = h, uj = �h)

�Fk(ui = �h, uj = h) + Fk(ui = �h, uj = �h)]

�ij =
@2V

@ui@uj
= �@Fj

@ui
⇡ � [Fj(ui = h)� Fj(ui = �h)]

2h
2 patterns

4 patterns

Necessary displacement patterns can be generated systematically.
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Rapid increase of displacement patterns
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Silicon

More than 1,000 DFT calculations will be necessary to compute higher-order 
anharmonic terms (>3) if the finite-displacement approach is employed. 
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Compressive sensing

LASSO �̃ = argmin
�

kA�� FDFTk22 + �k�k1

Lattice Anharmonicity and Thermal Conductivity from Compressive Sensing
of First-Principles Calculations

Fei Zhou (周非)
Physical and Life Sciences Directorate, Lawrence Livermore National Laboratory, Livermore, California 94550, USA

Weston Nielson, Yi Xia, and Vidvuds Ozoliņš
Department of Materials Science and Engineering, University of California, Los Angeles, California 90095-1595, USA

(Received 22 April 2014; published 27 October 2014)

First-principles prediction of lattice thermal conductivity κL of strongly anharmonic crystals is a long-
standing challenge in solid-state physics. Making use of recent advances in information science, we
propose a systematic and rigorous approach to this problem, compressive sensing lattice dynamics.
Compressive sensing is used to select the physically important terms in the lattice dynamics model and
determine their values in one shot. Nonintuitively, high accuracy is achieved when the model is trained
on first-principles forces in quasirandom atomic configurations. The method is demonstrated for Si, NaCl,
and Cu12Sb4S13, an earth-abundant thermoelectric with strong phonon-phonon interactions that limit the
room-temperature κL to values near the amorphous limit.

DOI: 10.1103/PhysRevLett.113.185501 PACS numbers: 63.20.Ry, 63.20.dk, 66.70.−f

To a large extent, thermal properties of crystalline solids
are determined by the vibrations of their constituent atoms.
Hence, an accurate description of lattice dynamics is
essential for fundamental understanding of the structure,
thermodynamics, phase stability, and thermal transport
properties of solids. The seminal work of Born and
Huang [1] forms the theoretical basis of our understanding
of harmonic vibrations and their relation to elastic proper-
ties. With the advent of efficient density-functional-theory
(DFT-)based methods for solving Schrödinger’s equation,
several ab initio methods for studying harmonic phonon
properties of solids have been proposed, such as the
frozen phonon approach [2,3], supercell small displace-
ment method [4,5], and the density-functional perturbation
theory (DFPT) [6]. Because of these developments,
ab initio calculations of the harmonic phonon dispersion
curves and phonon mode Grüneisen parameters have
become routine.
A systematic approach to anharmonicity has been more

difficult to develop. Anharmonic effects are key to explain-
ing phenomena where phonon-phonon collisions become
important, such as in the study of lattice thermal conduc-
tivity κL, a key quantity for optimizing the performance of
electronic materials, thermal coatings, and thermoelectrics
[7]. For weakly anharmonic systems, the interaction proc-
esses involving three phonons are dominant, such as decay
of a phonon into two lower-energy phonons or combining
two phonons to create a higher-energy phonon. Their
effects on phonon frequencies and lifetimes can be evalu-
ated using the first-order perturbation theory (PT) [8,9],
and κL can then be obtained by either using the relaxation
time approximation or solving the Boltzmann transport
equation [10]. The computational feasibility and physical

accuracy of these methods are well established [11–14].
Unfortunately, PT tends to be computationally expensive
for solids with large, complex unit cells, and its ability to
handle strong anharmonicity is insufficient, especially
when the harmonic phonon dispersion contains imaginary
frequencies or when phonon scattering becomes so intense
that κL saturates at its theoretical minimum [15]. Many
interesting and technologically relevant materials belong
to this class, e.g., ferroelectrics and thermoelectrics with
ultralow κL [16]. In these cases, a general and efficient
nonperturbative approach that can accurately describe
four-phonon and higher-order interactions is needed. The
“2nþ 1” theorem of DFPT [17] can be used to calculate
the fourth- and higher-order terms, but the computations
are cumbersome and require specialized codes which, to
the best of our knowledge, are not available for n > 1.
In this Letter, we introduce an approach to building

lattice dynamical models that can treat compounds with
large, complex unit cells and strong anharmonicity, includ-
ing those with harmonically unstable phonon modes. Our
approach, compressive sensing lattice dynamics (CSLD),
determines anharmonic force constants from standard DFT
total energy calculations. We utilize compressive sensing
(CS), a technique recently developed in the field of
information science for recovering sparse solutions from
incomplete data [18], to determine which anharmonic terms
are important and find their values simultaneously. A
nonintuitive prescription based on CS to generate
DFT training data is given. We show that CSLD is
efficient, general, and robust through a few prototypical
case studies.
The starting point is a Taylor expansion of the total

energy in powers of atomic displacements,

PRL 113, 185501 (2014) P HY S I CA L R EV I EW LE T T ER S
week ending

31 OCTOBER 2014

0031-9007=14=113(18)=185501(5) 185501-1 © 2014 American Physical Society

• Avoid over-fitting 

• Improve the generalization ability 

• Improve the computational efficiency

G. James, D. Witten, T. Hastie, and R. Tibshirani, 
“An Introduction to Statistical Learning with 
Applications in R”

Each row of the sensing matrix A should be uncorrelated.  
Use DFT-MD + random displacement. 
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Workflow of compressive sensing
Silicon (64 atoms), VASP (PBEsol) 

• Add 5 new configurations per each iteration 
• 5-fold CV 
• 2747 total features
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Cubic SrTiO3

• 2x2x2 supercell (40 atoms) 
• 3,018 anharmonic force constants (3rd, 4th, 5th, 6th)

finite displacement method 
with central difference

more than 
5,000 DFT calc.

ab initio MD + LASSO 40 DFT calc.

100x more efficient!

Accurate DFT calculations based on hybrid functions are 
also possible
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Model selection (SrTiO3)
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Efficiency improvement
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Intermetallic clathrate

Type-I clathrate

• A8X16Y30 (A= Ba, Sr, Eu; X, Y = Si, Ga, Ge, Sn) 

• sp3 host framework & guest atom 

• “Rattling motion” of guest atoms  
 
 

• High thermoelectric figure-of-merit ZT (~1.3) 

• Low lattice thermal conductivity (< 1 W/mK)

Large amplitude (~0.4 Å) thermal motion

Strong anharmonicity



Failure of conventional theory at high-T
Peierls-Boltzmann theory

• Consider cubic anharmonicity for 
calculating phonon lifetimes 

• Neglect higher-order anharmonicity

the long wavelength limit roughly scales with ω2 (see Fig. 5 and
Supplementary Note 5).

The origin of the discrepancy on the temperature dependence
and the absolute values of phonon lifetimes and thermal
conductivity needs thus to be sought elsewhere, and requires
further measurements of both temperature and energy depen-
dence of phonons lifetime, coupled to atomistic or molecular
dynamics simulations taking into account all the present results,
as well as a possibly temperature-dependent force field.

Indeed, the 1/T decay in simulations is related to the
Bose–Einstein phonon population factor, with the assumption
that the force field does not change with temperature (see ref. 9 ).
If this assumption is released, the temperature dependence of the
simulated thermal conductivity could be different.

Concerning the absolute value of phonon lifetimes and thermal
conductivity, the current phonon Umklapp simulations might
underestimate them. Indeed is worth noticing that a slight change
of the lattice parameter used in simulations can strongly affect them,
as shown by Tadano et al.10 Going from the relaxed (1.10 nm) to the
experimental lattice parameter (1.08 nm) leads to a factor 4 increase
in the phonon thermal conductivity and average phonon lifetimes
(see Supplementary Note 5 and Supplementary Figs. 13, 14). This is
most likely associated with the underestimation of the phonon
energies by the DFT calculation as already pointed out before.

Finally, the structural complexity and the large chemical
disorder are not fully taken into account in the DFT simulation,
for they likely are related to temperature independent two
phonons scattering processes.

To summarize, our experimental results point to a profound
disagreement with state of the art simulations and ask for future
advanced calculations, better describing the results of our detailed
structural analysis, including the large disorder, as well as a non-trivial
temperature dependence of the 3-phonons scattering. In particular,
molecular dynamics simulations as carried out by Tse et al. in
clathrate hydrate35, 59 or in Ge clathrate using model Hamiltonian as
in refs. 28, 60 allows to handle large system size61. We believe that the
data provided here will give a robust starting point for such studies.

Discussion
Our main result is the first accurate measurement of the acoustic
phonon mean free path in a complex crystalline system,

specifically Ba7.81Ge40.67Au5.33. To summarize our findings, at
300 K, the mean free path goes from 120 to 20 nm as the phonon
wavevector and energy go from 0.1 to 0.3 Å−1 and 2 to 4.4 meV,
respectively. As already pointed out, this is much larger than any
other previously experimentally accessed phonon mean-free path
in similar systems and in the energy range 2–4 meV.

It is thus interesting to compare these results with other thermo-
electric systems for which DFT simulations give a good agreement
with experiment, namely the PbTe8 system with two atoms per unit
cell and the Bi2Te39 one, with five atoms per unit cell. These two
systems have room temperature thermal conductivities equal to 2
and 1.5Wm−1 K−1, respectively and in both cases simulations pre-
dict that about 80 % of the heat is carried by acoustic modes.

PbTe exhibits experimental acoustic phonon lifetimes much
shorter than our case, despite a similar thermal conductivity at
room temperature. It is important to note however that recent
DFT calculations in PbTe8, in reasonable agreement with inelastic
neutron scattering data18, report simulated acoustic phonon
lifetimes roughly scaling with 1/ω2, and with a value of the order
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FIG. 1. (Color online) Lattice dynamics of type-I clathrate Ba8Ga16Ge30 with various lattice constants. (a) Phonon dispersion curves in the
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harmonicity more directly, we also calculated the potential en-
ergy surface (PES) of the Raman active T2g guest mode by
displacing atoms by uκ = M−1/2

κ eq,κη with η being the am-
plitude of the normal coordinate. The actual displacement
pattern is shown in Fig. 1(c). The PESs calculated by DFT
are shown in Fig. 1(b) by open circles. Here, the PESs calcu-
lated using the IFCs are also shown by solid lines. As can be
seen from the left panel of Fig. 1(b), the harmonic approxima-
tion fails to capture the actual shape of the PES. If we include
the contribution from the fourth-order IFCs, we obtain overall
good agreements with the DFT results (middle panel). The
slight underestimation of the Taylor expansion potential can
be observed in the large η region. We found that this can be
cured by additionally including sixth-order IFCs as shown in
the right panel. However, since the correction by the sextic
terms is minor, we only consider the dominant quartic terms
in the following calculations.

To obtain the temperature-dependent phonon dispersion
curves, the SCP equation [Eqs. (1)–(3)] was solved with var-
ious temperatures, where all of the quartic coupling coeffi-
cients between zone center phonon modes were considered.
The SCP dispersion curves at 300 K are also shown in Fig.1(a)
by solid lines. As can be seen from the figure, the quar-

tic anharmonicity generally increase the frequencies of low-
lying rattling modes. Intuitively, this can be attributed to the
dominant and positive contribution from the diagonal term of
the quartic coefficient; Φ(0 j;0 j;0 j;0 j) > 0. In addition,
we found that the anharmonic renormalization is small in the
high frequency region (> 80 cm−1), and the harmonic and an-
harmonic phonon dispersion curves almost overlap with each
other as shown in SI [17]. In table I, the frequencies of the T2g
guest mode calculated with different conditions and approxi-
mations are summarized. The larger the lattice constant is, the
more significant the anharmonic renormalization became as
expected from the larger ⟨Q∗qQq⟩ value. In the present SCP
simulation, the effect of the zero point motion is included.
Therefore, Ω2

q(T ) − ω2
q > 0 is realized even at 0 K. For the

“+6%” system, we failed to obtain a convergence of the SCP
equation at 0 K. This is reasonable because the present SCP
method doesn’t arrow the spontaneous symmetry breaking to
occur and the thermally averaged equilibrium positions of the
rattlers are assumed to be the center of the cage irrespective
of temperature. For off-center systems, such an assumption is
invalid in the low-temperature region, but should be more or
less reasonable at high temperatures.

According to the Raman study of Takasu et al. [18], the

-2% opt.

+2%

+4%

+6%

Potential energy surface

2

Γ X
−20

0

20

40

60

80

Fr
eq
ue
nc
y
(c
m

−
1
)

Γ X Γ X Γ X

0 10 20

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

E
/N

(e
V
)

0 10 20

η (u
1

2 Å)
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FIG. 1. (Color online) Lattice dynamics of type-I clathrate Ba8Ga16Ge30 with various lattice constants. (a) Phonon dispersion curves in the
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harmonicity more directly, we also calculated the potential en-
ergy surface (PES) of the Raman active T2g guest mode by
displacing atoms by uκ = M−1/2

κ eq,κη with η being the am-
plitude of the normal coordinate. The actual displacement
pattern is shown in Fig. 1(c). The PESs calculated by DFT
are shown in Fig. 1(b) by open circles. Here, the PESs calcu-
lated using the IFCs are also shown by solid lines. As can be
seen from the left panel of Fig. 1(b), the harmonic approxima-
tion fails to capture the actual shape of the PES. If we include
the contribution from the fourth-order IFCs, we obtain overall
good agreements with the DFT results (middle panel). The
slight underestimation of the Taylor expansion potential can
be observed in the large η region. We found that this can be
cured by additionally including sixth-order IFCs as shown in
the right panel. However, since the correction by the sextic
terms is minor, we only consider the dominant quartic terms
in the following calculations.

To obtain the temperature-dependent phonon dispersion
curves, the SCP equation [Eqs. (1)–(3)] was solved with var-
ious temperatures, where all of the quartic coupling coeffi-
cients between zone center phonon modes were considered.
The SCP dispersion curves at 300 K are also shown in Fig.1(a)
by solid lines. As can be seen from the figure, the quar-

tic anharmonicity generally increase the frequencies of low-
lying rattling modes. Intuitively, this can be attributed to the
dominant and positive contribution from the diagonal term of
the quartic coefficient; Φ(0 j;0 j;0 j;0 j) > 0. In addition,
we found that the anharmonic renormalization is small in the
high frequency region (> 80 cm−1), and the harmonic and an-
harmonic phonon dispersion curves almost overlap with each
other as shown in SI [17]. In table I, the frequencies of the T2g
guest mode calculated with different conditions and approxi-
mations are summarized. The larger the lattice constant is, the
more significant the anharmonic renormalization became as
expected from the larger ⟨Q∗qQq⟩ value. In the present SCP
simulation, the effect of the zero point motion is included.
Therefore, Ω2

q(T ) − ω2
q > 0 is realized even at 0 K. For the

“+6%” system, we failed to obtain a convergence of the SCP
equation at 0 K. This is reasonable because the present SCP
method doesn’t arrow the spontaneous symmetry breaking to
occur and the thermally averaged equilibrium positions of the
rattlers are assumed to be the center of the cage irrespective
of temperature. For off-center systems, such an assumption is
invalid in the low-temperature region, but should be more or
less reasonable at high temperatures.

According to the Raman study of Takasu et al. [18], the
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FIG. 1. (Color online) Lattice dynamics of type-I clathrate Ba8Ga16Ge30 with various lattice constants. (a) Phonon dispersion curves in the
low-frequency region along the �–X line. The dotted lines show the harmonic phonon frequencies and the solid lines are the result of the SCP
calculations at 300 K. The cross symbols “⇥” indicate the positions of the lowest Raman active T2g modes. (b) Potential energy surface of the
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hand notation for (q, j) satisfying q = (q, j) and �q =
(�q, j). �(q j;�q j; q1;�q1) is the reciprocal representation of
the fourth-order interatomic force constants (IFCs). hQ⇤qQqi =
~

2⌦q
[1 + 2n(⌦q)] is the mean square displacement of the nor-

mal coordinate Qq, where n(!) = 1/(e�~! � 1) is the Bose-
Einstein distribution function, � = 1/kT with the Boltzmann
constant k, and ~ is the reduced Planck constant, respectively.
Since the right-hand-side of the equation depends on the so-
lution {⌦q, ✏q}, Eq. (1) needs to be solved self-consistently.
More details about the present SCP formalism including the
expression of the coupling constant �(q j;�q j; q1;�q1) and
the e�cient numerical implementation are described else-
where [23, 26].

All of the DFT calculations were conducted using the
vasp code [27], with the GGA-PBE functional [28] and the
projector augmented wave (PAW) method [29, 30], and the
phonon calculations were performed using the alamode pack-
age [31, 32]. An ordered unit cell containing 54 atoms (space
group Pm3̄n) was employed for modeling lattice anharmonic-
ity and phonon thermal transport. To investigate the e↵ect
of the guest free space on vibrational and transport proper-
ties, the lattice constant of BGG was compressed/expanded
from the optimized value (10.954 Å, hereafter called “opt.”)
by �2% to +6% in steps of 2%. Harmonic and anharmonic

IFCs necessary for the present SCP and LTC calculations
were estimated using the compressive sensing lattice dynam-
ics method [33]. More detailed computational procedures are
provided as the Supplemental Information (SI) [34].

Calculated harmonic phonon dispersion curves of BGG in
the low-frequency region ( 80 cm�1) are shown in Fig. 1(a)
by dotted lines. With increasing the lattice constant, the fre-
quencies of the low-lying optical modes associated with rat-
tlers decrease. In the largest-volume case (a = 11.611 Å),
twelve phonon modes become unstable (!2

q < 0), all of which
can be well characterized as collective motions of Ba(2) atoms
inside the tetrakaidecahedral cages (see Fig. 1(c)). This in-
dicates the transition of the potential energy surface (PES)
minima of the Ba(2) atoms from the on-center 6d site to
o↵-center sites. To see the volume dependence of the lat-
tice anharmonicity more directly, we also calculated the PES
of the Raman active T2g guest mode by displacing atoms by
u = M�1/2

 eq,⌘ with ⌘ being the amplitude of the normal co-
ordinate of the T2g mode. The actual displacement pattern u
is schematically shown in Fig. 1(c) by arrows. In Fig. 1(b), we
compare the PESs calculated by DFT (open circles) and those
calculated from the IFCs (lines). The left panel of Fig. 1(b)
shows that the harmonic approximation fails to capture the
actual shape of the PES, indicating the significance of the an-
harmonicity. Indeed, if we include the contribution from the
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harmonicity more directly, we also calculated the potential en-
ergy surface (PES) of the Raman active T2g guest mode by
displacing atoms by uκ = M−1/2

κ eq,κη with η being the am-
plitude of the normal coordinate. The actual displacement
pattern is shown in Fig. 1(c). The PESs calculated by DFT
are shown in Fig. 1(b) by open circles. Here, the PESs calcu-
lated using the IFCs are also shown by solid lines. As can be
seen from the left panel of Fig. 1(b), the harmonic approxima-
tion fails to capture the actual shape of the PES. If we include
the contribution from the fourth-order IFCs, we obtain overall
good agreements with the DFT results (middle panel). The
slight underestimation of the Taylor expansion potential can
be observed in the large η region. We found that this can be
cured by additionally including sixth-order IFCs as shown in
the right panel. However, since the correction by the sextic
terms is minor, we only consider the dominant quartic terms
in the following calculations.

To obtain the temperature-dependent phonon dispersion
curves, the SCP equation [Eqs. (1)–(3)] was solved with var-
ious temperatures, where all of the quartic coupling coeffi-
cients between zone center phonon modes were considered.
The SCP dispersion curves at 300 K are also shown in Fig.1(a)
by solid lines. As can be seen from the figure, the quar-

tic anharmonicity generally increase the frequencies of low-
lying rattling modes. Intuitively, this can be attributed to the
dominant and positive contribution from the diagonal term of
the quartic coefficient; Φ(0 j;0 j;0 j;0 j) > 0. In addition,
we found that the anharmonic renormalization is small in the
high frequency region (> 80 cm−1), and the harmonic and an-
harmonic phonon dispersion curves almost overlap with each
other as shown in SI [17]. In table I, the frequencies of the T2g
guest mode calculated with different conditions and approxi-
mations are summarized. The larger the lattice constant is, the
more significant the anharmonic renormalization became as
expected from the larger ⟨Q∗qQq⟩ value. In the present SCP
simulation, the effect of the zero point motion is included.
Therefore, Ω2

q(T ) − ω2
q > 0 is realized even at 0 K. For the

“+6%” system, we failed to obtain a convergence of the SCP
equation at 0 K. This is reasonable because the present SCP
method doesn’t arrow the spontaneous symmetry breaking to
occur and the thermally averaged equilibrium positions of the
rattlers are assumed to be the center of the cage irrespective
of temperature. For off-center systems, such an assumption is
invalid in the low-temperature region, but should be more or
less reasonable at high temperatures.

According to the Raman study of Takasu et al. [18], the
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harmonicity more directly, we also calculated the potential en-
ergy surface (PES) of the Raman active T2g guest mode by
displacing atoms by uκ = M−1/2

κ eq,κη with η being the am-
plitude of the normal coordinate. The actual displacement
pattern is shown in Fig. 1(c). The PESs calculated by DFT
are shown in Fig. 1(b) by open circles. Here, the PESs calcu-
lated using the IFCs are also shown by solid lines. As can be
seen from the left panel of Fig. 1(b), the harmonic approxima-
tion fails to capture the actual shape of the PES. If we include
the contribution from the fourth-order IFCs, we obtain overall
good agreements with the DFT results (middle panel). The
slight underestimation of the Taylor expansion potential can
be observed in the large η region. We found that this can be
cured by additionally including sixth-order IFCs as shown in
the right panel. However, since the correction by the sextic
terms is minor, we only consider the dominant quartic terms
in the following calculations.

To obtain the temperature-dependent phonon dispersion
curves, the SCP equation [Eqs. (1)–(3)] was solved with var-
ious temperatures, where all of the quartic coupling coeffi-
cients between zone center phonon modes were considered.
The SCP dispersion curves at 300 K are also shown in Fig.1(a)
by solid lines. As can be seen from the figure, the quar-

tic anharmonicity generally increase the frequencies of low-
lying rattling modes. Intuitively, this can be attributed to the
dominant and positive contribution from the diagonal term of
the quartic coefficient; Φ(0 j;0 j;0 j;0 j) > 0. In addition,
we found that the anharmonic renormalization is small in the
high frequency region (> 80 cm−1), and the harmonic and an-
harmonic phonon dispersion curves almost overlap with each
other as shown in SI [17]. In table I, the frequencies of the T2g
guest mode calculated with different conditions and approxi-
mations are summarized. The larger the lattice constant is, the
more significant the anharmonic renormalization became as
expected from the larger ⟨Q∗qQq⟩ value. In the present SCP
simulation, the effect of the zero point motion is included.
Therefore, Ω2

q(T ) − ω2
q > 0 is realized even at 0 K. For the

“+6%” system, we failed to obtain a convergence of the SCP
equation at 0 K. This is reasonable because the present SCP
method doesn’t arrow the spontaneous symmetry breaking to
occur and the thermally averaged equilibrium positions of the
rattlers are assumed to be the center of the cage irrespective
of temperature. For off-center systems, such an assumption is
invalid in the low-temperature region, but should be more or
less reasonable at high temperatures.

According to the Raman study of Takasu et al. [18], the

Lattice 
constants Harmonic SCP (300K)

-2% 36.2 41.5

opt. 28.6 35.5

+2% 19.7 29.5

+4% 7.0 23.9

+6% 15.3i 18.8
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1.2 Purpose of our study 5

(a) (b)

Figure1.3: (a): Structure of metal trifluorides. This structure is similar to the perovskite but there
is no A-site atoms. Fluorides form the octahedra around metals. (b): Lattice parameter and the
CTE of ScF3 [5]. The black line is fitted to the lattice parameter and the red dashed line is the linear
CTE. The green line is the difference between the experimentally determined lattice parameter and
the spline fit.

1.2 Purpose of our study

From the previous studies, it is known that anharmonicity is important for understanding NTE in

ScF3. However, how each-order anharmonicity plays a role in NTE is unclear and the microscopic

comprehension needed for designing and controlling NTE is still lacking. Hence, in this study,

we aim to understand the relation between NTE and anharmonicity more deeply by using an

efficient first-principles method, where we analyze the effect of cubic and quartic anharmonicities

separately. This calculation method is independent of the structure of the target materials and

applicable for the discussion of phase stability.

1.3 Outline of the thesis

In Chapter 2, we introduce some conventional methods to calculate CTE and the one we used in

this study. In Chapter 3 and 4, we show the results of the electronic structure, phonon frequencies

and CTEs of ScF3 and detailed discussion on these results. The conclusion of my thesis is given

in Chapter 5.

ScF3 shows large negative thermal expansion, 
which can be attributed to the rigid unit modes 
(RUMs) of fluorine octahedra.

The quasi-harmonic approx. (QHA) breaks 
down due to strong anharmonic effects of 
the RUMs.
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FIG. 1. (Color online) Background material: (a) Structural phase diagram showing the c-r phase boundary vs the B-site mean radius in 3d

transition metal trifluorides and in the solid solutions Sc1−x Alx F3 and Sc1−x Yx F3. Data taken from Refs. [5,8–11]. (b) Simple cubic structure
of ReO3, ScF3, and the high-temperature phases of transition metal trifluorides. Sc+3 ions sit at the center of regular corner-linked octahedral
cages formed by F− ions (red ellipsoids). (c), (d) 100 planar section of the octahedra, illustrating the displacement pattern of modes attributed
to NTE. The area of the box in (d) is reduced by cos2 θ of the area in (c). (e) The first Brillouin zone of the simple cubic structure, showing the
zone center " (0,0,0), zone face center X (π,0,0), zone edge center M (π,π,0), and zone corner R (π,π,π ) points. Soft collective rigid unit
modes (RUMs) which nearly preserve internal octahedral bonds are permitted on the zone boundaries, as indicated by shadowing. The lowest
vibrational modes at the (f) M and (g) R points involve coordinated staggered rotations of octahedra in the patterns shown. The rhombohedral
phase can be described as a static tilt according to the R+

4 pattern.

largely preserve the internal dimensions of the stiff metal-anion
molecular subunits. In order to retain local constraints of bond
distances and angles, staggered rotations induce a shrinking
of the cell dimensions [Figs. 1(c) and 1(d) show this for the
M+

3 distortion], establishing a long-range coupling between
local transverse linkage fluctuations and lattice volume that
has long been ascribed as the cause of structural NTE [16–19].
M-R is an important mode branch in perovskites because
temperature-driven condensation of modes on this branch
can describe many structural transitions which accompany

ordering transitions of other types [1–3]. These soft modes
circumscribe the BZ edges [Fig. 1(e)] within a very narrow
window of energy set by the M-R branch dispersion, with the
R point ≃200 µeV lower at all temperatures measured, consis-
tent with an approach to the symmetry-lowered rhombohedral
R3c structure, as observed in other 3d BF3 systems.

The rhombohedral R3c structure is related to the high-
temperature cubic Pm3m structure via a staggered octahedral
tilt around the ⟨111⟩ axis [Fig. 1(a) inset], corresponding to
a frozen R+

4 lattice distortion [Fig. 1(g)]. The staggered 111
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FIG. 2. (Color online) (a) Lattice volume as a function of temperature determined from tracking the Bragg peak (3,0,0) in single-crystalline
ScF3. Inset: The lattice volume over a larger thermal window determined on powder samples [7]. (b) Overview of the lattice mode dispersion
at select momenta and energies. Strong branch softening along the M-R cut is shown by arrows. The longitudinal (LA) and transverse (TA)
acoustic branches are shown near ". Black solid lines are a guide to the eye. Red circles in the inset mark the momenta R + δ and M + ϵ.
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phase can be described as a static tilt according to the R+
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Anharmonic correction to free energy
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FIG. 1. Crystal structure of cubic ScF3 with space group Pm3̄m
(created with vesta [28]). Each scandium atom is surrounded by six
fluorine atoms, which form corner-sharing octahedra. The structure
is similar to the ABX3 cubic perovskite, but the A site is vacant.

equally important and compensates the overcorrection made
by the SCP theory.

This paper is organized as follows. First, we introduce the
theoretical methods to incorporate anharmonic effects in vibra-
tional free energy in Sec. II. We then describe computational
and technical details of the DFT calculation in Sec. III. In
Sec. IV B, we demonstrate the limitation of the QHA theory
in ScF3, which can be resolved by more accurate treatment
of anharmonic effects as shown in Sec. IV C. Moreover, we
discuss the temperature dependence of the R4+ soft mode in
Sec. IV D. Finally, a concluding remark is made in Sec. V.

II. VIBRATIONAL FREE ENERGY

The Helmholtz free energy of a non-metallic system is ex-
pressed as

F(V,T) = Eel(V) + Fvib(V,T), (1)

where Eel(V) is the static internal energy of electrons obtained
by a first-principles calculation and Fvib(V,T) is the vibra-
tional free energy. Assuming that the lattice vibration is well
described by thermal excitation of phonons, we consider three
approximations of Fvib(V,T) in this study: the QHA, SCP
theory, and ISC theory. Once the free energy is obtained at
various different volumes, the F(V,T) curve is fitted by the
equation of state (EOS) to estimate an equilibrium volume
at each temperature. By repeating the procedure at different
temperatures, we can obtain the volume thermal expansion
αv(T) = 1

V ( ∂V∂T )P . For isotropic systems, the CTE is equal to
1
3αv.

For the sake of brevity, we use the shorthand notation of
q = (q, j) and −q = (−q, j) where q is the phonon momentum
and j is the phonon branch index.

A. Quasiharmonic theory

The quasiharmonic (QH) theory is the standard approxima-
tion of Fvib(V,T), in which the vibrational free energy is given
as

F(QH)
vib (V,T) = 1

β

∑
q

ln
[
2 sinh

(1
2 β!ωq(V)

)]
. (2)

Here, β = 1/kT with the Boltzmann constant k, and ωq(V)
is the phonon frequency at volume V obtained within the har-
monic approximation (HA). While the anharmonic effect is
partially incorporated via the volume dependence of ωq(V),
the QHA completely neglects the intrinsic anharmonic effects
which are responsible for making the temperature dependence
of phonon frequencies. Nevertheless, the QH theory turns
out to be a good approximation at temperatures far below the
melting point and has been employed to predict the thermal
expansivity and phase boundary of various materials based on
DFT. When the temperature reaches the melting point or the
structure is strongly anharmonic, the QHA becomes less reli-
able. Moreover, the QHA is not valid for cases where phonon
modes become unstable within the HA as will be discussed in
Sec. IV B.

B. Self-consistent phonon theory

The SCP theory is one of the most successful approaches
for calculating the temperature dependent phonon frequencies
nonperturbatively [25, 26]. In this method, we assume the
existence of effective harmonic phonon frequency Ωq (Ω2

q ≥
0) and polarization vector εq , with which we can define an
effective harmonic Hamiltonian H0 as

H0 =
1
2
∑
q

!ΩqAqA†
q . (3)

Here, Aq = aq +a†−q is the displacement operator with a†q and
aq being creation and annihilation operators of SCP, respec-
tively. In the first-order SCP theory, the renormalized phonon
frequencies and eigenvectors {Ωq, εq} are determined so that
the vibrational free energy within the first-order cumulant ap-
proximation is minimized. Let Fvib denotes the vibrational
free energy of an anharmonic system described by Hamilto-
nian H = H0 +U2 +U3 + . . . [see Eq. (A2)] and F ′

vib denotes
the first-order cumulant approximation, the following inequal-
ity holds:

Fvib ≤ F ′
vib = F0 + ⟨H − H0⟩H0 . (4)

Here, F0 = − 1
β log Z and ⟨X⟩H0 = Z−1Tr(Xe−βH 0 ) with

Z = Tr(e−βH0 ) is the partition function and β = 1/kT . It is

Quasiharmonic (QH) theory

3

straightforward to show that F ′
vib is given as follows:

F ′
vib =

1
β

∑
q

ln
[
2 sinh

(1
2 β!Ωq(V,T)

)]

+
1
2
∑
q

[
(C†

qΛ
(HA)
q Cq)j j −Ω2

q(V,T)
]
αq

+
1
8
∑
q,q′
Φ(SCP)(q;−q; q′;−q′)αqαq′, (5)

where Λ(HA)
q = diag(ω2

q1, . . . ,ω
2
qs) and αq = !

2Ωq
[1+ 2n(Ωq)]

with n(ω) being the Bose–Einstein distribution function.
Φ(SCP)(q;−q; q′;−q′) is the fourth-order IFC in the normal
coordinate basis of the SCP. For the detailed expression, see
appendix A. From the condition of ∂F′

vib
∂Ωq
= 0 and ∂F′

vib
∂C†

q
= 0, we

obtain the first-order SCP equation as

Ω2
q = (C†

qΛ
(HA)
q Cq)j j +

1
2
∑
q′
Φ(SCP)(q;−q; q′;−q′)αq′ . (6)

Since the anharmonic interaction is relatively short-range com-
pared with the harmonic one, it is sufficient to solve the above
equation on an irreducible set of q points that are commen-
surate with an employed supercell. Once the change of the
dynamical matrix ∆D(q) = D(SCP)(q) − D(HA)(q) is obtained
on these grids, ∆D(q) can be interpolated to arbitrary q points
by Fourier interpolation [26].

In Eqs. (5) and (6), we neglected the sixth and higher-order
anharmonic terms assuming their effects are far smaller than
the dominant fourth-order term. With this assumption, the

third term in Eq. (5) can be removed by using Eq. (6) as

F(SCP)
vib (V,T) = 1

β

∑
q

ln
[
2 sinh

(1
2 β!Ωq(V,T)

)]

− 1
4
∑
q

[
Ω2

q(V,T) − (C†
qΛ

(HA)
q Cq)j j

]
αq . (7)

Hence, evaluating the anharmonic free energy F(SCP)
vib (V,T)

in the thermodynamic limit is feasible owing to the interpo-
lation technique. The first term in Eq. (7) corresponds to
the QH contribution [Eq. (2)] but the harmonic frequency
is replaced with the SCP frequency. The second term is a
correction necessary to satisfy the correct thermodynamic re-
lationship S = −dF/dT [29], where the entropy is given as
S = k

∑
q[(nq+1) ln(nq+1)−nq ln nq]with nq = n(Ωq). When

the anharmonic effect is small, we can assume Ωq ≈ ωq + ∆q
and Cq,i j ≈ δi j . Then, we obtain the perturbation limit of
Eq. (7) as

F(PT)
vib (V,T) = 1

β

∑
q

ln
[
2 sinh

(1
2 β!Ωq(V,T)

)]

− !2
∑
q

∆q

(
nq +

1
2

)
. (8)

This result is the same as the one reported by Allen [29]. In this
study, we always use Eq. (7) because it is more generalized and
even applicable to systems where unstable (imaginary) phonon
modes exist within the HA.

C. Improved self-consistent phonon theory

The SCP theory accounts for the quartic anharmonicity
nonperturbatively but neglects the effect of the cubic anhar-
monicity. The ISC theory [27] accounts for the additional
three-phonon term perturbatively as

F(ISC)
vib (V,T) = F(SCP)

vib (V,T) + F(B)
vib (V,T), (9)

where F(B)
vib (V,T) is the Helmholtz free energy from the bubble

diagram, associated with the cubic anharmonicity, given as

F(B)
vib (V,T) = − !

2

48
∑

q1,q2,q3

++Φ(SCP)(q1; q2; q3)
++2

Ωq1Ωq2Ωq3
∆(q1 + q2 + q3)

×
[
(1 + n1)(1 + n2 + n3) + n2 · n3

Ωq1 +Ωq2 +Ωq3
+ 3n1 · n2 − n2 · n3 + n3 · n1 + n1

−Ωq1 +Ωq2 +Ωq3

]
. (10)

Here, we simply denote n(ωqi ) as ni and∆(q) = Nqδq,mG with
an integer m. In the calculation of F(B)

vib (V,T), we use the SCP
lattice dynamics wavefunction instead of those within the HA.
Previous numerical studies using empirical model potentials

showed that the ISC theory can describe various thermody-
namic properties of copper [30] and noble-gas solids [27, 31]
accurately in a wide temperature range.

The bubble free-energy is theoretically related to the bubble
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FIG. 6. (a) CTE and (b) isothermal bulk modulus calculated within the SCP and ISC theories compared with the experimental results of Greve
et al [6] and Morelock et al. [49].

D. Temperature dependence of soft mode frequency

Finally, we discuss the influence of quartic and cubic an-
harmonicities on the frequency of the R4+ soft mode. Fig-
ure 7 shows the temperature dependence of the squared
phonon frequency of the R4+ soft mode calculated with the
PBEsol functional. The results shown in Fig. 7(a) was cal-
culated with the equilibrium lattice constant of the ISC cal-
culation, and the ISC phonon frequency was calculated by
Ω(ISC)

q = (Ω2
q + 2Ωq∆

(B)
q (Ωq))

1
2 where ∆(B)q (ω) = −ReΣ(B)q (ω).

The harmonic and anharmonic IFCs at these new volumes
were obtained by linearly interpolating the values calculated
at the nearest two volumes. As shown in the figure, the QHA
frequency softens as a function of temperature because of the
NTE and the negative Grüneisen parameter. This tempera-
ture dependence is opposite to the INS results [18, 19]. The
hardening of the soft mode frequency can be reproduced only
by the SCP and ISC theories. Unfortunately, however, the
SCP and ISC phonon frequencies systematically overestimate
the experimental values. Since the frequency is sensitive to
the adopted volumes, the deviation may be mitigated by im-
proving the agreement of the PBEsol and experimental lattice
constants. To examine this point, we adjusted the external pres-
sure P in such a way that the PBEsol lattice constant agrees
with the experimental result at 0 K, resulting in P ≈ 0.7 GPa.
Then, the agreement was improved considerably as shown in
Fig. 7(b). In the low-temperature limit, the ISC result best
agrees with the INS results, while the slope of the hardening
is well explained by the SCP theory. The INS data lies in be-
tween the SCP and ISC results in Fig. 7(b). This may indicate
the necessity of fully self-consistent treatment of the cubic and
quartic anharmonicities, which is left for a future study.

It is interesting to observe in Fig. 7 (a) and (b) that the SCP
frequency is smaller than the QHA result near ∼ 0 K, mean-
ing that the quartic anharmonicity decreases the soft mode
frequency. This behavior seems to contradict with the large
positive quartic potential of the R4+ mode [20], which must
harden the frequency. To understand this unusual behavior, we

FIG. 7. Temperature dependence of squared phonon frequency of
the R4+ soft mode calculated within PBEsol in comparison with the
experimental result of Handunkanda et al. [18]. (a) Calculation at
each temperature is conducted with the corresponding ISC volume.
(b) Calculation is conducted with the lattice constant adjusted to
match the experimental lattice constant at 0 K. (c) Same as (b) but
the classical approximation is made.

investigated the modal contribution to the quartic renormaliza-
tion Φ(SCP)(q;−q; q′;−q′)αq′ [see Eq. (6)] for q = R4+ and q′

on the 8×8×8 uniform grid. Figure 8 shows the mode depen-
dence ofΦ(SCP)(q;−q; q′;−q′)αq′ at 0 K. The quartic coupling
is strongly positive in the low-frequency phonon modes, which
are the rigid unit motion of the fluorine octahedra, in accord
with the previous numerical evaluation [20]. In contrast, the
coupling coefficients are negative for high-frequency optical
modes in 40–80 meV, which are mostly dominated by the vi-
bration of fluorine atoms as shown in the inset of the figure.
Since the total negative contribution is slightly larger than the
total positive one, the SCP frequency becomes smaller than
that of the QHA at 0 K. With increasing the temperature, the
factor αq′ increase more rapidly for low-frequency phonon
mode, and the total contribution becomes positive around 60
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D. Temperature dependence of soft mode frequency

Finally, we discuss the influence of quartic and cubic an-
harmonicities on the frequency of the R4+ soft mode. Fig-
ure 7 shows the temperature dependence of the squared
phonon frequency of the R4+ soft mode calculated with the
PBEsol functional. The results shown in Fig. 7(a) was cal-
culated with the equilibrium lattice constant of the ISC cal-
culation, and the ISC phonon frequency was calculated by
Ω(ISC)

q = (Ω2
q + 2Ωq∆

(B)
q (Ωq))

1
2 where ∆(B)q (ω) = −ReΣ(B)q (ω).

The harmonic and anharmonic IFCs at these new volumes
were obtained by linearly interpolating the values calculated
at the nearest two volumes. As shown in the figure, the QHA
frequency softens as a function of temperature because of the
NTE and the negative Grüneisen parameter. This tempera-
ture dependence is opposite to the INS results [18, 19]. The
hardening of the soft mode frequency can be reproduced only
by the SCP and ISC theories. Unfortunately, however, the
SCP and ISC phonon frequencies systematically overestimate
the experimental values. Since the frequency is sensitive to
the adopted volumes, the deviation may be mitigated by im-
proving the agreement of the PBEsol and experimental lattice
constants. To examine this point, we adjusted the external pres-
sure P in such a way that the PBEsol lattice constant agrees
with the experimental result at 0 K, resulting in P ≈ 0.7 GPa.
Then, the agreement was improved considerably as shown in
Fig. 7(b). In the low-temperature limit, the ISC result best
agrees with the INS results, while the slope of the hardening
is well explained by the SCP theory. The INS data lies in be-
tween the SCP and ISC results in Fig. 7(b). This may indicate
the necessity of fully self-consistent treatment of the cubic and
quartic anharmonicities, which is left for a future study.

It is interesting to observe in Fig. 7 (a) and (b) that the SCP
frequency is smaller than the QHA result near ∼ 0 K, mean-
ing that the quartic anharmonicity decreases the soft mode
frequency. This behavior seems to contradict with the large
positive quartic potential of the R4+ mode [20], which must
harden the frequency. To understand this unusual behavior, we

FIG. 7. Temperature dependence of squared phonon frequency of
the R4+ soft mode calculated within PBEsol in comparison with the
experimental result of Handunkanda et al. [18]. (a) Calculation at
each temperature is conducted with the corresponding ISC volume.
(b) Calculation is conducted with the lattice constant adjusted to
match the experimental lattice constant at 0 K. (c) Same as (b) but
the classical approximation is made.
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are the rigid unit motion of the fluorine octahedra, in accord
with the previous numerical evaluation [20]. In contrast, the
coupling coefficients are negative for high-frequency optical
modes in 40–80 meV, which are mostly dominated by the vi-
bration of fluorine atoms as shown in the inset of the figure.
Since the total negative contribution is slightly larger than the
total positive one, the SCP frequency becomes smaller than
that of the QHA at 0 K. With increasing the temperature, the
factor αq′ increase more rapidly for low-frequency phonon
mode, and the total contribution becomes positive around 60
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tween the SCP and ISC results in Fig. 7(b). This may indicate
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on the 8×8×8 uniform grid. Figure 8 shows the mode depen-
dence ofΦ(SCP)(q;−q; q′;−q′)αq′ at 0 K. The quartic coupling
is strongly positive in the low-frequency phonon modes, which
are the rigid unit motion of the fluorine octahedra, in accord
with the previous numerical evaluation [20]. In contrast, the
coupling coefficients are negative for high-frequency optical
modes in 40–80 meV, which are mostly dominated by the vi-
bration of fluorine atoms as shown in the inset of the figure.
Since the total negative contribution is slightly larger than the
total positive one, the SCP frequency becomes smaller than
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Improved prediction of phase boundary 

Able to compute free-energy of high-T phases

Y. Ooba, TT, R. Akashi and S. Tsuneyuki, Phys. Rev. Materials 3, 033601 (2019).



�58

Anharmonic effects in HxS

SSCHA  
Phys. Rev. Lett. 114, 
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Figure 1. Quantum effects stabilize the symmetric Fm-3m phase of LaH10. Top panel: Enthalpy as function of
pressure for different structures of LaH10 calculated neglecting the zero-point energy. The pressure in the figure is calculated
from V (R), neglecting quantum effects on it. The crystal structure of the different phases found are shown. Bottom left: Sketch
of a Born-Oppenheimer energy surface V (R) exemplifying the presence of many local minima for many distorted structures. R
represents the positions of atoms treated classically as simple points. Bottom right: sketch of the configurational E(R) energy
surface including quantum effects. R represents the quantum centroid positions, which determine the center of the ionic wave
functions, i.e., the average atomic positions. All phases collapse to a single phase, the highly symmetric Fm-3m.

by an independent group that measured a Tc of 250K
from 137 to 218 GPa in a structure with fcc arrangement
of the La atoms and suggested a LaH10 stoichiometry [3].

Even if it is tempting to assign the record supercon-
ductivity to the Fm-3m phase predicted previously [2, 3],
there is a clear problem: the Fm-3m structure is predicted
to be dynamically unstable in the whole pressure range
where a 250K Tc was observed. This implies that this
phase is not a minimum of the Born-Oppenheimer energy
surface. Consequently, no Tc has been estimated for this
phase in the experimental pressure range. Considering
that quantum proton fluctuations symmetrize hydrogen
bonds in the high-pressure X phase of ice [21] and in
H3S [22, 23], this contradiction may signal a problem of
the classical treatment of the atomic vibrations in the
calculations. We show here how quantum atomic fluctua-

tions completely reshape the energy landscape making the
Fm-3m phase the true ground state and the responsible
for the observed superconducting critical temperature.

We start by calculating with DFT the lowest enthalpy
structures of LaH10 as a function of pressure with state-
of-the-art crystal structure prediction methods [24, 25].
The contribution associated with atomic fluctuations is
not included, so that the energy just corresponds to the
Born-Oppenheimer energy V (R), where R represents the
position of atoms treated classically as simple points. As
shown in Figure 1, different distorted phases of LaH10

are thermodynamically more stable than the Fm-3m
phase. Above ⇠250GPa all phases merge to the Fm-
3m symmetric phase. These results are in agreement
with previous calculations [19], even if we identify other
possible distorted structures with lower enthalpy such as
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pressure for different structures of LaH10 calculated neglecting the zero-point energy. The pressure in the figure is calculated
from V (R), neglecting quantum effects on it. The crystal structure of the different phases found are shown. Bottom left: Sketch
of a Born-Oppenheimer energy surface V (R) exemplifying the presence of many local minima for many distorted structures. R
represents the positions of atoms treated classically as simple points. Bottom right: sketch of the configurational E(R) energy
surface including quantum effects. R represents the quantum centroid positions, which determine the center of the ionic wave
functions, i.e., the average atomic positions. All phases collapse to a single phase, the highly symmetric Fm-3m.

by an independent group that measured a Tc of 250K
from 137 to 218 GPa in a structure with fcc arrangement
of the La atoms and suggested a LaH10 stoichiometry [3].

Even if it is tempting to assign the record supercon-
ductivity to the Fm-3m phase predicted previously [2, 3],
there is a clear problem: the Fm-3m structure is predicted
to be dynamically unstable in the whole pressure range
where a 250K Tc was observed. This implies that this
phase is not a minimum of the Born-Oppenheimer energy
surface. Consequently, no Tc has been estimated for this
phase in the experimental pressure range. Considering
that quantum proton fluctuations symmetrize hydrogen
bonds in the high-pressure X phase of ice [21] and in
H3S [22, 23], this contradiction may signal a problem of
the classical treatment of the atomic vibrations in the
calculations. We show here how quantum atomic fluctua-

tions completely reshape the energy landscape making the
Fm-3m phase the true ground state and the responsible
for the observed superconducting critical temperature.

We start by calculating with DFT the lowest enthalpy
structures of LaH10 as a function of pressure with state-
of-the-art crystal structure prediction methods [24, 25].
The contribution associated with atomic fluctuations is
not included, so that the energy just corresponds to the
Born-Oppenheimer energy V (R), where R represents the
position of atoms treated classically as simple points. As
shown in Figure 1, different distorted phases of LaH10

are thermodynamically more stable than the Fm-3m
phase. Above ⇠250GPa all phases merge to the Fm-
3m symmetric phase. These results are in agreement
with previous calculations [19], even if we identify other
possible distorted structures with lower enthalpy such as

Superconductivity at ~250 K is observed under high pressure (~140—220 GPa)
A.P. Drozdov et al., Nature 569, 528 (2019).
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Structure E0 + PV Ezp-vib Total
1) Fm-3m -6350.471 2.266 -6348.205

2) R-3m -6350.517 2.423 -6348.094

Δ=X2-X1 -0.046 0.157 0.111

Comparison of energies (eV / LaH10)

2

Figure 1. Quantum effects stabilize the symmetric Fm-3m phase of LaH10. Top panel: Enthalpy as function of
pressure for different structures of LaH10 calculated neglecting the zero-point energy. The pressure in the figure is calculated
from V (R), neglecting quantum effects on it. The crystal structure of the different phases found are shown. Bottom left: Sketch
of a Born-Oppenheimer energy surface V (R) exemplifying the presence of many local minima for many distorted structures. R
represents the positions of atoms treated classically as simple points. Bottom right: sketch of the configurational E(R) energy
surface including quantum effects. R represents the quantum centroid positions, which determine the center of the ionic wave
functions, i.e., the average atomic positions. All phases collapse to a single phase, the highly symmetric Fm-3m.

by an independent group that measured a Tc of 250K
from 137 to 218 GPa in a structure with fcc arrangement
of the La atoms and suggested a LaH10 stoichiometry [3].

Even if it is tempting to assign the record supercon-
ductivity to the Fm-3m phase predicted previously [2, 3],
there is a clear problem: the Fm-3m structure is predicted
to be dynamically unstable in the whole pressure range
where a 250K Tc was observed. This implies that this
phase is not a minimum of the Born-Oppenheimer energy
surface. Consequently, no Tc has been estimated for this
phase in the experimental pressure range. Considering
that quantum proton fluctuations symmetrize hydrogen
bonds in the high-pressure X phase of ice [21] and in
H3S [22, 23], this contradiction may signal a problem of
the classical treatment of the atomic vibrations in the
calculations. We show here how quantum atomic fluctua-

tions completely reshape the energy landscape making the
Fm-3m phase the true ground state and the responsible
for the observed superconducting critical temperature.

We start by calculating with DFT the lowest enthalpy
structures of LaH10 as a function of pressure with state-
of-the-art crystal structure prediction methods [24, 25].
The contribution associated with atomic fluctuations is
not included, so that the energy just corresponds to the
Born-Oppenheimer energy V (R), where R represents the
position of atoms treated classically as simple points. As
shown in Figure 1, different distorted phases of LaH10

are thermodynamically more stable than the Fm-3m
phase. Above ⇠250GPa all phases merge to the Fm-
3m symmetric phase. These results are in agreement
with previous calculations [19], even if we identify other
possible distorted structures with lower enthalpy such as
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by an independent group that measured a Tc of 250K
from 137 to 218 GPa in a structure with fcc arrangement
of the La atoms and suggested a LaH10 stoichiometry [3].

Even if it is tempting to assign the record supercon-
ductivity to the Fm-3m phase predicted previously [2, 3],
there is a clear problem: the Fm-3m structure is predicted
to be dynamically unstable in the whole pressure range
where a 250K Tc was observed. This implies that this
phase is not a minimum of the Born-Oppenheimer energy
surface. Consequently, no Tc has been estimated for this
phase in the experimental pressure range. Considering
that quantum proton fluctuations symmetrize hydrogen
bonds in the high-pressure X phase of ice [21] and in
H3S [22, 23], this contradiction may signal a problem of
the classical treatment of the atomic vibrations in the
calculations. We show here how quantum atomic fluctua-

tions completely reshape the energy landscape making the
Fm-3m phase the true ground state and the responsible
for the observed superconducting critical temperature.

We start by calculating with DFT the lowest enthalpy
structures of LaH10 as a function of pressure with state-
of-the-art crystal structure prediction methods [24, 25].
The contribution associated with atomic fluctuations is
not included, so that the energy just corresponds to the
Born-Oppenheimer energy V (R), where R represents the
position of atoms treated classically as simple points. As
shown in Figure 1, different distorted phases of LaH10

are thermodynamically more stable than the Fm-3m
phase. Above ⇠250GPa all phases merge to the Fm-
3m symmetric phase. These results are in agreement
with previous calculations [19], even if we identify other
possible distorted structures with lower enthalpy such as

I. Errea, TT et al., arXiv:1907.11916

Fm-3m structure gives the 
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ALAMODE (Anharmonic Lattice Model)

(1) Extraction of force constants by linear 
regression (fourth- and higher-order terms 
are also supported) 

(2) Phonon calculation (harmonic & self-
consistent phonon) 

(3) Thermal conductivity calculation

Software for anharmonicity and thermal transport 

Main features

Open source (MIT license) 
Can be combined with any DFT codes and classical MD codes 
Inputs data: crystal structure and training data set (displacement & force)

http://alamode.readthedocs.io/

Please visit the document page for details
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Summary

Perturbative treatment of lattice anharmonicity 

Non-perturbative treatment of fourth-order anharmonicity based on 
the self-consistent phonon theory 

Able to compute phonon lifetimes and thermodynamic functions of 
severely anharmonic materials and high-temperature phases. 

Compressive sensing approach to estimate force constants 

100x speed up is expected! 

Software development 

Features presented today are available in ALAMODE software.

 

Review paper:  
TT and S. Tsuneyuki, J. Phys. Soc. Jpn. 87, 041015 (2018) 

https://github.com/ttadano/alamode/tree/gh-pages/files
ALAMODE hands-on materials:

http://ttadano.github.io/alamode/
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Anharmonic self-energy

First-order diagram

Higher-order diagrams

…

“tadpole”
“bubble”

“loop”

Real

Real
Complex

Second-order diagrams

(in high-T region                 ) 

Linewidth

Lifetime

Phonon scattering by the three-phonon process
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Self-consistent phonon theory from Dyson eq.

The self-consistent phonon (SCP) theory is a non-perturbative approach to 
compute anharmonic phonon frequency            . 

In this study, we estimate            from the pole of the Green’s function.
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Iterative update of phonon frequency
SCP eq.

In this work, we only consider the loop diagram, which is    -independent.

initial value

diagonalization

SCP solution
converged

interpolation

Efficient implementation

TT and S. Tsuneyuki,  
Phys. Rev. B 92, 054301 (2015).
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Loop diagram

✓Correct treatment of zero-point vibration 
✓ Easy to check the finite-size effect by changing the q1-grid density 
✓Renormalized frequencies at various T can be calculated efficiently 
✓ (Probably) systematically improvable 

✗ Need to calculate fourth-order force constants
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Temperature-dependent effective potential (TDEP)

A MD-based approach to compute effective force constants.
O. Hellman, I. A. Abrikosov, and S. I. Simak, Phys. Rev. B 84, 180301 (2011).
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• Fit displacement-force data sets sampled by AIMD at finite 
temperature with effective harmonic force  

• Full anharmonicity included 
• Neglect the effect of zero-point motion  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The TDEP method can be extended to include third-order terms:


