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Symmetry of Crystals and Electronic States
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“The laws of nature should be expressed in beautiful equation.”
“If there is a God, he’s great mathematician”

- P. A. M. Dirac -
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Kohn-Sham Equations

2
H; (F) = {—%VZ +veﬁ(?)}1bj(?) = £j;(T)

. n(¥ .
Vot = Vo (1) + € | A7 +vicn(7)

‘ what kind of influence do crystalline potentials have?

Crystals have symmetry.

Translational Symmetry

Rotational Symmetry




Symmetry of Crystals

' <£Mathematical TooIJ

Space Group ‘
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Symmetry and Quantum Mechanics

From the beginning, we consider low dimensional systems.

1Dim: Symmetric potential

Schrédinger Equation in 1dim system. San,
B du(z) Eigenvalue @
o a2+ V(a)u(z) {Bu(z)
m dx

Eigenfunction
We assume the symmetric potential
V(z) V(z) =V (-x)

% r — —T

\/ I e V(—2)u(—z) = Bu(—z)

2m  dx?
—;—md Z;Q ) V(@)u(—z) = Bu(—2)
B2 42 Eigenvalue
{~ gz + V(@ putca) =@uC)

Eigenfunction

* e degenerated case
e non-degenerated case




1Dim: Free Electron in periodic potential

We consider the free electron in periodic potential as the simplified example at
previous section.
Schrédinger Equation
_h_2 d?u(x)
2m  da?

= Fu(x)

Under the periodic condition,
u(x 4+ L) = u(x)

we can solve this differential equation

£
% Eigenfunction Eigenvalue 22 ) L o
7 T ug(x) = exp(ikz) TEk =5 where =7
8 li I
inearly _
E‘lindependent @ r— —X lsame eigenvalue
Q
qc, Eigenfunction ' Eigenvalue 122
g ug(—x) = exp(—ikx) B, = _ B
T 2m

= u—k(z)

According to the linear combination between ux(z) and u_x(z),

we can re-generate different basis set for eigenfunction in degenerated system
1 ) .
cos(kx) = 5 {exp(ikz) + exp(~ikz)}  (even function)

: 1 . .
sin(kz) = o {exp(ike) - exp(~ik2)}  (odd function)

Background:
degeneracy between ; and -k  (Time Reversal Symmetry)

Schrédinger Equation is not invariant when we take
the complex conjugate for it.
_h_2 d?u(z)
2m  dx?

+ V(z)u(x) = Eu(z)

P

u(z) and u*(z) are degenerate




2Dim: reflective symmetries at x-axis and y-axis(C2v)

If Hamiltonian is invariant for the replacement for the sign of x and that of y,
eigenvalues is the odd function or even function for x and y.
Thus number of basis set is 4.

1. (even function for x) and (even function for y)

x— —x
and ’ invariant 1x1=1

Y — =y operate
simultaneously

2. (odd function for x) and (odd function for y)

r— —x
and ’ invariant (-1) x(-1)=1

Yy — =y operate
simultaneously

3. and 4. (odd function for x) and (even function for y)
(even function for x) and (odd function for y)

r— -
and ’ change of sign of function
y— —y operate Ix(=1)=-1
simultaneously (_1) 1—=_1

In this case, there are 4 symmetry operations,

1.identity operation (E) A

2.reflection at x-axis ( 0z )

3.reflection at y-axis ( 7y ) Ty

4.combination refllection at x-axis ® /f/TE(D (z,y)
and that at y-axis( (C5) i

A

f f >X
| E o, o, 0 Oz
E|FEF o, o O 5

oz | 0z B Chooy O, @(z, —y)
oy | oy Co E 04 (-, —y)

CQ 02 Oy Oy FE

multiples among symmetry operations




2Dim: Equilateral Triangular Symmetry (Csv)

We introduce the equilateral triangular symmetry system as the more complex
case in 2dim. In polar coordinate, a wave function is written as Fourier series

A

6 symmetry operations

1.identity operation (E)
2. 2r/3rotation (C3) M 5> @
3.—2m /3 rotation (C;Y) @ |:> ©)

Y

4.reflection at A-axis(4) (D > @
5.reflection at B-axis(o5) @ > 6
)@ >®

6.reflection at C-axis(oc

Rotational effect for wave function( C5" )

At first, we operate 21v3 rotation for wave function,

O(Cs) @miZly ¢ — ¢ —27/3

= )
— ;exp <—z§m7r) Ry (1) exp(ime)

phase factor

We can classify 3 types for m

3n
m=<3n+1
3n + 2




v (r,¢ — %7‘(’)

Z exp <—z§m7r) R, (r) exp(ime)
Z R, (1) exp(im¢) = ¥U(r, @) m = 3n

exp (—z 7'(') ZR r) exp(ime) = exp (—i;ﬁ) U(r,¢) m=3n+1

exp (z 7T) Z R, (r) exp(im¢) = exp (z%w) U(r, ¢) m = 3n + 2

Similarly, for -2r/3 rotation,

(r¢+—70 E:@m<z7m0 m (1) exp(ime)

A\

Z R, (r) exp(im¢) = ¥(r, ¢) m = 3n
exp (z 7'(') Z R, (r) exp(im¢) = exp <z§7r> U(r, ¢) m=3n+1
exp (—z 71') Z R, (r) exp(im¢) = exp <—2§7r> U(r,¢) m=3n+2

Reflectional effect for wave function(c4,05,0¢)

Definition for the angle ¢

O(o4) 4%} ¢ — —o change the sign of ¢

Then reflectional operations are equivalents these operations,

gA -

ocC .

¢——¢
9 OB =04 - C3_1

¢_>_¢+§7T UC:UA'CS

b — —d— 2. These operations are represented as the
3 combination with reflection o4 and rotation




Relationship between the classification for m and characters of WFs

m = 3n

For rotational operation(C5’)
v <r, ¢+ §7T> = zm:exp (iigmw) R, (r) exp(ima)
= 3" Rou(r) exp(im) = U(r, ¢) ’ invariant

For reflectional operation(ca,o5,0¢)
The angular component of wave function, exp(im¢) is variant for O(c4)

in other word, ¢ — —¢
exp(3ngi) — exp(—3ngi)

Using the linear combination with exp(3n¢i) and exp(—3néi) ,
we can re-generate different basis set for eigenfunction

cos(3n¢) = 5 {exp(3na@i) + exp(—3n¢i)} * invariant

sin(3n6) = o {exp(3ni) — exp(~3ngi)} WP —sin(3n0)

m=3n+1,3n+ 2

For reflectional operation o4, ¢ — —¢

m(=¢) = (3n+1)(=¢)
m¢ = (3n+1)¢p — =—-Bn+1)¢
={3(-n—-1)+2}¢

element in m=3m+2 group

2-fold degeneracy
m(—¢) = (3n+2)(—9¢)
meo = (3n+2)¢ — =—(3n+2)¢
={3(-n-1)+1}¢

element in m=3m+1 group




Summary for equilateral triangular symmetry

There are 3 types eigenfunctions.

1.Invariant for all symmetry operations(C5,c4,05,0¢ ) ' cos(3n) type
2.Invariant for rotational operation and odd function for the reflectional
operations(ca,08,0c) i sin(3ne) type

3.2-fold degenerated states

Space Group
[point group

periodicity: 14 Bravais Lattice r°ta“°”(inc'“di”9 ref'eCtiO”)] '[space group]
point symmetry: 32 point group (

translational group )

Cubic P,F,I On O, T4, Th, T
Tetragonal P, Dan,D4,D24,Cav,Can,S4,C4 Subgroup
Orthorhombic P,F,1,C Dazn,D2,Cov of
Hexagonal P Den, De,D3n, Cev, Cen, Can,Ce Oy, / Dgp,
Dsd,D3,Csv,56,Cs
Trigonal R Dsd,D3,Csv,S6,Cs
Monoclinic P,.C Can,Cs,C>
Triclinic P\-\C;,C1
symmetry Operation \/P... simple
(ol +700) = 0¥ + 7 + 7, F...Face Centered
) (417) = (o107 +7) C..Base Contered
(o) "= (o1-01F) ;

RhombohedIaI/




7 crystal systems
(simple lattice)

I
& @77 e
tetragonal  orthorhombic ~ monoclinic triclinic
a=b#c a#b#c a # b # c(not necessary condition)
7T 7T Tt
“_B_V—E “ZBZE#V “%B#Y%E

hexagonal
a=b#c

trigonal(rhombohedral)

a=b=c

Example(Cubic and Tetragonal)

add lattice point
(0,1/2,1/2)
(1/2,0,1/2)
(1/2,1/2,0)

Face Centered Lattice

(F) ()

add lattice point
(1/2,1/2,1/2)

Body Centered Lattice

(C)

add lattice point
(1/2,1/2,0)

Base Centered Lattice
(c-centered)




% % ‘ simple cubic (P)

. - FCC
T add lattice point
(0,1/2,1/2)
‘% (1/2.0.1/2)  (F)
1/2,1/2,0
- ot
b /

a 0 BCC

add lattice point :
(1/2,1/2,1/2) @\
oD \/

= =N
N\ _— | =~ A AR
N

et ‘ Base Centered
Tetragonal

| © add lattice point
| (1/2,1/2,0)

FCC is considered a form of rhomhedral

T

3
1
ref) cosa=-—g » BCC




duplicate case in crystal system

Body centered tetragonal(BCT) is equivalent to
face centered tetragonal(FCT)

Space Group

periodicity: 14 Bravais Lattice

- '[space group]
point symmetry: 32 point group ( franslational group )

point group
rotation(including reflection)

Cubic P.FI OnO,Ta, Th, T
Tetragonal P, Dan,D4,D24,Cav,Can,S4,C4 Subgroup
Orthorhombic P,FI,C Dan,D2,Coy of
Hexagonal P Den, De,D3n, Cev, Cen, C3n, Ce Oy, / Dgp,
D3q,D3,C3v,S6,C3
Trigonal R Dsd,D3,Csv,S6,Cs
Monoclinic P,.C Can,Cs,C>
Triclinic P\-\C/,C1
symmetry Operation \/P... simple
(a|7 " m) 0T+ T+, F...Face Centered
) (18) = o0+ 7) G.. Base Centored
(a|€>)71 = (a7} ~a"'T) R... Rhombohedlal |




symmetry Operation

Diamond Structure

Symmetry operation:
(Seitz Notation)

00

rotation
(include inversion,reflection)

translation

-

\-

7t .
— rotation
2

+
1/4 )
[1/4 translation
1/4

J

Symmetry operation:
(Seitz Notation)

(®

rotation
(include inversion,reflection)

translation




Point Group: Oy

4-fold axis
C, 3-fold axis

= Cs

4 )

Cubic Symmetry O,,

E-..-.. 1 identity operation
[ Cqeovn-- 6] )2
C2.-vn-. 3
Cy-vv-- 6 L7
C3 ...... 8 :|:27.[/3

24 rotational operation

+ inversion, rotation inversion,
reflection and rotational reflection

\. J

48 symmetry Operation

7 N\

subgroup of Oy,

example

Tetrahedral Symmetry = Ty

~

Tq ® C4 = Oy

zincblende Structure

Lattice type: Face Centered

There is not 4-fold axis

Tetrahedral Symmetry m> Ty

Subgroup of Oy,




- ( \
Point Group: Dy, Hexagonal Symmetry D,
E ------ 1 identity operation

6fold-axis

Ce

==

i ———

B e AN

1 | - i
| 2-fld axis Cz P-fold axis
! |

Cgv - 2
Cé ...... 2

C36> ...... 1
Clhvvenn 3
Clven 3

+7/3
+27t/3
+7T
+7T
+7T

I I
/)-__—____-T ________ -4

.

12 rotational operation
+ inversion, rotation inversion,
reflection and rotational reflection

-

24 symmetry operation

J

P

subgroup of D¢y,
Rhombohedral

D34, C3v, C3, -

Relation between Hexagonal coordinate system

and

Trigonal coordinate system in Rhombohedral Crystal




Relation between Hexagonal coordinate system
and
Trigonal coordinate system in Rhombohedral Crystal

N
transformation basis

— 2= 1= 1=

ti==-h —h - h

173 1+3 z+3 3

— 1= 1= 1-

tz——§h1+§hz+§h3

— 1— 2= 1—

=—— —-h -h

ts3 3h1 3 2+3 3

_)

h]:?]—?z

_)

Ny= t,— t3

— — — —

hy3=t1+t+ ts )

( primitive trigonal Iattice)

T *( Hexagonal Lattice )

( add lattice point )

Simple Cubic Lattice (Ferromagnetic )

antiferromagnetic case...?

Cubic Lattice




Antiferromagnetic(type1)

Minority spin
Majority spin

Anti-Ferro magnetics (typel)

Tetragonal Lattice

ajority

Anti-Ferro magnetics (type2)

rhombohedral Lattice




Space Group

rotation(including reflection

T '[space group]
( translational group )
national Tables for Crystallography (2006). Vol. A, Space group 225, pp. 688-691.

Interr
@ m3m Cubic

MNo. 225 F 4/n‘: 32/m Schonflies Symbol  Paterson symmety Fim
o

How many kinds of space group are there?

D

only 230 space group

[point group ]
)

Space Group Number

B 3ways to classify

*Schoenflies Symbol

*International Symbol(Hermann Mauguin Symbol)

*Space Group Number (1 ~230)

International Table of Crystallography

The symmetry groups of the crystal

.

Space Group

Mathematically, it is defined as the group which has a invariant subgroup of the translational group

symmetry operation of space group

The operations of the space group can be given as

(a|€>)r = a7 + 7

rotational translation vector
operator

The simple translation is given by
— —
@ / ) T =7 4 ¢t

identical operation




— —
(a| b)r=a7 + b <}:I lattice invariant

rotational translation vector
operator '
— —
< (oc.Rn ) e‘ n) oc|b'

/ zero vector

general vector
of
the Bravais lattice not primitive translatlon vextor
\

-
With a suitable choice of origin...
Do we find all the element of the symmetry opergation in the form

(o[F) = ([2) = (e ) e19)
Yes —— > symmorphic(3&Y)
No = > non-symmorphic(FFZ)

N

non-symmorphic(FE3tEY) symmorphic(F )
157(screw:s+» and glide:ss + 2) /3 space group

. -—
In symmorphic case, most of(oc B ’)
are screw operation or glide operation




Example : non-symmorphic

In this case(diamond structure), one of the operations :

(«¥)
I tati
X 5 rotation
1/4

B=|1/4
1/4

Hmm...let’s challenge other choice of the origin...

In this case(diamond structure), one of the operations :

>

(«¥)

Tt : :
o : = rotation(x-axis)

2

1/4
B=10
1/4

Diamond structure is non-symmorphic.

How do you define the origin of Nonsymmorphic Crystal?




How do you define the origin of Nonsymmorphic Crystal?

) 4

In general, nonsymmorphic crystal has some choices

— > There is no guideline to define the origin.

How many number of choices each for space group?
Diamond Structure :On7 .... 2 Si,C....

Cor3.... 3 xO, BPu,...

Cs2...6 unknown

(International Table of Crystallography)

How do you define the origin of Nonsymmorphic Crystal?

Example: diamond structure Fd3m(07)

choice 1 choice 2

x Inversion Center o Inversion Center
o atom on origin x atom on origin
atomic position inversion center
choice 1 (0,0,0) and (1/4,1/4,1/4) No
choice 2 (x1/8,+1/8,+£1/8) Yes

which is better?




Translational Symmetry

Bloch State, Bloch function
1-electron Schroédinger Equation

2
[—h—V%vm B(T) = E(7)

T A

4 Born - von Karman condition

Periodicity of Potential

V(F—tn) = V([

eigenstate

effect?

— — - —
th=ti+nator+n3zts

Operator and Operation

O (F) = W(& 7

operator operation

multiplication example

A
shift +a

00, (F) = 0 h(n ¥ = '&7'9) o
= P((&n)”'7) = Oenh(¥) .

P

\ 4

OE,On — OE,n

) ={x+(—a)}

=)

Y(x) — Oe(




1-electron Schrodinger Equation
Eigenvalue

h? . ﬂ
[—Zm?z +V(r)] B(F) =) O( =

€|tn)

Eigenfunction

Hamiltonian Operator

A\

fBorn -von k\rman condition

Periogicity of Potential

Ocw(F) = Y(&'7) V (FXth) = V()

Eigenvalue
(7 — ) :@(?—N

h? .
—2—?2 + V(T‘)
m same eigenvalue

- - Eigenfunction
Hamiltonian Operator

v

[ O(eltn) (: P(F— fn)) also is Eigenfunction whose eigenvalue is E J

If Schrédinger Equation has p-fold degeneracy
Yi(f) =EPi(F) (i=1,2,---,p)

Eignefunction

' linear combination

Oz (T) = (7= ZT,) n)Pi(7)

Eignefunction

_O(elfn)%(’j)_ [P (7) ]

Oeryb2(7) P (7)
: o — representation matrix
' ~ \T\ of

LO (1, ) W (7). | Wn ()] Oeltn)

Here, Matrix T is given as

T(fn) — {Ti,j (fn)}

Matrix T is unitary matrix <] norm conservation




Hl|p;) =¢el|d;) Hai |¢i) + aj|9;)) = aiH |¢3) + a;H |¢;)
H|p;) = el|ds) = a:e |¢s) + aje [¢;)
=€ (ai|¢i) +a;9;))

P
Ot ¥ (F) = W5 (F—ta) = ) Tij(ta)whi(f)

i=1 Eignefunction

If Schrédinger Equation has p-fold degeneracy

2
_2“_62 FVE) | i) = Bpi(F) G=1,2,---,p)
m

Eignefunction

' linear combination

O e, Wi (1) = W (7 — ZT,J
E|gnefunct|on
_O(elfn)ll”(i)_ [P (7)]
Oer, 2(7) P2 (7)
: o — representation matrix
' . \T\ of
LO ety W (7). [ Wn (7). O el

Here, Matrix T is given as

T(fn) — {Ti,j (fn)}

Matrix T is unitary matrix <] norm conservation




Translation operators are commutable:

Olert ) {O(eﬁ ‘l’(?})} =0

therefore

( )

T(€n)T(€m) — T(tm)T(tn) — T(tn + JE’m)

Commutable ’ simultaneous to diagonal form

and
(Matrix T is unitary matrix )

e tkitn 0 0
=
0 e tkatn 0
B S TS . |
0 0 e ot

(absolute value of eigenvalue for unitary matrix = 1)

Diagonalization

o 0 @B
S_T(tn)S: . . . .
B j —

t

Eigenvalue of T(t,,)

therefore
Bloch Theorem phase factor

(¥) Bloch condition

~1

O bel? =€

P(r) = eik'?ulz(F) Bloch function

_>
periodic function \u+ (?} — t n) =uy (?))

\ . =
Bloch state is characterized by k

v

Next Theme: k-space and reciprocal lattice




Bloch function and basis set
v (7) = eF Tug (7)

How do we represent the periodic function?

BT =TS (7)

basis set
e.g., planewave basis set

¢(?) _ ei?-? Z 08618 il
k, c

A

cut-off energy is defined as

/ \ PG

max
Ecut-off -

2me

genealogy of DFT calculation
PP-PW(Pseudo Potential PlaneWave)

Planewave Basis Set USPP-PW
NCPP-PW (1991,D.Vanderbuilt)

PW ' Classical PPPW ' (D& Harman, PN _ US (ultrasoft)
(Aschcroft,etc ) C. Chiang(1979) reduce basis set
empirical pseudo potential ‘ NC(norm-conserving)
’\ [ PAW J
(

‘ Augmented us|ng Sphenca' Wave PAW (Projector Augmented Wave Method )

APW
[ (J. C. Slater(1937) ) J * LAPW -I FLAPW

Full-potential M.Weinert(1980)

Linearized : O.K. Andersen(1979) Takeda and Kubler(1979)

o T : ' LMTO
Muffin-Tin Orbital »[0. K. Andersen and O. Jepsen(1984))J » FP-LMTO

KKR Linear Combination of Muffin-Tin Orbital
FP-KKR

(Korringa(1947), Kohn and
Rokstoker(1954)




Accuracy, cut-off energy, number of k-points in B.Z. and
computational resources

Si(Quantum Espresso:USPP) bcc-Fe(Quantum Espresso:USPP) fee-Ni; non-collinear(Quantum Espresso:USPP)

222
[ 2x2x2’ —x ford 2x2x2 —x—
N g 102 o XA . o
10" 16x16x16 N ! R AR 16x16x16 =
\ 32x32x32 [P 323 - o W % V (X0r 3232x32 - *
_ ¥y /|
7\
10? -‘\M&\ 100 102
= k' = —~
€1 I\ H €100
¥ X £ 02 B
5 s 5
o 3 5 0
g 2 g ©
£ ' L 2
10 o L0 £ 105
g % 3 g
¥
10° 106
10°
107 107
10° 10% 0 700 "
0o 10 2 w 4 0 e 70 e 10
ST o ol Enory o warnciony) N
Gutelf Energy for wavefuncton(Ry.)
450
450
b 20— 0 o
o -y axdxa axaxd .
400 | xt x ol 8xBx8 - - * BxBXB -
ngwx 6’ x 400 16x16x16 /= 400 16x16x16 - *
s apoze - B
350
. 350
@ g _ 350
H H 2
T 300 Z a0 B
£ g S
E H 5
E 250 ® 250 £ 250
€ £ 8
g H €
& 20 £ a0 £ o
g ¥ £
100 100 L.
s S0 T e N
o L i pmw e B d RR RRRIR RRk m o KRR RIR IR | | f1s BEGERREFIREL [ | oo R X - EEEEEEEE
o 10 2 % 4 s e 70 8 9% 10 % 0 2 e 4 S @ 1 6 90 100 o bk xn PSS SEEEEEEIILoTE]
Cut-off Energy for wavefunction(Ry.) Cuteoff Energy for wavefunction(Ry.) 10 20 30 40 50 60 70 80 EY 100

Cutoff Energy for wavefunction(Ry.)

Next theme

Space Group

rotation(including reflection
+
( translational group )

' @ Translational Symmetry

[point group ]
)

space group

Rotational Symmetry

Electronic structure




Reciprocal Lattice and k-space

At Bloch state, phase factor is given as %™

etkT * dimensionless quantity * k has dimension of reciprocal length

V

k-space ( reciprocal space )

Someone said
Is k-space “virtual space”?

>

No. k represents “wave nature of electron”.

|> It is natural idea that electrons are in k-space

translational lattice vector in real space
— — — —
tn=ti4+n2ty+n3ts

t1, 12, t3 :primitive translational lattice vector

primitive reciprocal vector
27‘[(tz X t3
(tz X ts

reciprocal lattice
g =Ll1g1 + 1292 + 1393

orthogonality ' elditn — g2mni (n:integer)
g -1y = 275y, ot

6—1(12+§1)-£’n _ o iktn

(periodicity in k-space)




the condition of [hkl] in crystal

For example, we think about face centered cubic(BCC) lattice,

RN
lllll
nws)

conventional lattice vector
primitive lattice vector

4444
lllll
\uws

AN
&

z>
.....

lllll
\\\\\

therefore, basis set of primitive vector is written as

;

ti=-(—a+b+c)

N | —

1
<t2:§(a—b+c)

1
t3:—(a+b—c)
\ 2

Here, it satisfies the following condition

a-b=b-c=c-a=0
lal* = [b* = |¢* = @




“Primitive reciprocal lattice vector” is defined as

( 2
91="q (t2 x t3)

= 2Ty x 1)
QQ—Q 3 1

2
95= ¢ (t1 x t2)

\

where Q is
1
Q:tl'(tzxtg):§a3

. Primitive reciprocal lattice vector
In particular, p

2m 1

27 g, = Q9 (b+c)
gl—ﬁ(tgxt;;)

27 (1 1 21 1

:Q{Q(a—b+c)x2(a+b—c)} <92:ﬁ§(c+a)
2 1
:ﬁi(b—l—c) o -
= — —(a
from similar calculation... \g3 Q 2

Reciprocal lattice point is defined as
9 =gy +129, + 1395 (l1,12,13 : integer)

Primitive reciprocal vectors of BCC is similar as the primitive lattice vector of the face-
centered cubic(FCC) lattice.

Primitive reciprocal lattice vector in BCC ) Primitive lattice vector in FCC

( 2m 1 i 2 /'\\.'.-. ( 1
=2 - = e /. —— —

9= 5 b+ \-'V/ Wi t1=(b+e)

e 4

927G 3 i S k\‘% 2739
21 > % N 1

9= 3 @td) Al XA [fs =5 (@+b)

-

basis set is not orthogonal |f‘> It is not convenient to use.




For convenience, we introduce “Conventional reciprocal vector

1 1
(a*:Q—C(bXC):ﬁ
1 1
<b*:Q—C(CXG):§
1 1
\C —Q—C(G,Xb)—ﬁ

where Q¢ is

3

N | —

N | —

Q.=a-(bxc)=a®>=2Q

This basis set satisfies the orthogonality obviously.
We try to express the reciprocal lattice point

g, = 2w (ha™ + kb* +1c*)

using conventional reciprocal vector. What is the constraint condition for h, k, 1?

Primitive reciprocal lattice vector

( 2 1
91= @ §(b—{—c)
2 1
92 = §(C+a)
2 1
= — — b
\93 Q 2<a’+ )

g, =27 (b"+c*
g, =2 (c*+a

conventional reciprocal lattice vector

(., 11
a’ = — -
Q 2

11
b"=— b
< Q 2
. 11
C = —- —C
( 2

)
)

*

substitute

gs =2m(a” +b)

Reciprocal lattice point is defined as

g, = lig, +1ag, + 1395

.

(I1,12,13 : integer




9, =119y + 1295 + 1393
=27l (b* + ") + 27ls (¢* + a*) 4+ 27l3 (a™ + b")
=21 {(la+13)a” + (I3 +11)b" + (1 +12) c"}

On the other hand, we try to write....

g, =2 (ha™ + kb" +lc")

1
l1=§(—h—|—k+l)
h=1+I;3 )
k=l3+lL & lzzi(h—k-i-l)
=l +1

1
l3:§(h+k—l)

Here the constrain condition for livi is that livi are integer. From above formula,
1
L+l +13= §(h+k+l)

h+k+l:2(ll+lg+l3):2m (TrLEll—i—lQ-i-lg)

In other word, h + k +1 MUST BE EVEN.

Conversely, if h + k +1 iseven,

1 1

1 1
52:§(h—k+l):§(2m—2k):m—k

1 1

\

1,15 and I3 are integer.

“h+k-+1 iseven” is necessary and sufficient condition for “ [, [, and I3 are integer”




Selection rule for Reciprocal Lattice

g =lLg1 + 192+ 1373

(1,1, 15 : integer

Simple: all
Hexagonal: all
Trigonal: 1l + 1+ 13 =3m (minteger)
Face Centered: |1y =2mfor i or 1y =2m+1for "i (i=1,2,3)
Body Centered: L1+ 1+ 13 =2m (m:integer)
Base Centered: i +1 =2m (m:integer)

2R 07054

TSPACE

Z0VE=F(R0O%

SYMMETRY

PRINCIPLES
IN

SOoLID STATE
AND
MOLECULAR
APHYSICS

o

ALY

A R G e




Rotational Symmetry

symmetry operator and operation are represented as: Oz (¥) = V(& '1)

Now we suppose that potential is invariant for operation ( o¢|V)
V(¥) =V 1 (?@ rotational symmetry
rot

ation translation

Schroédinger Equation in crystal: \/ Eigenvalue

hZ
SN VAR VT
2m

exp(iK - Fug (7) { E pxp (i - Fug ()
Eigenfunction w

O (o) exp(ik - Pug(7) = exp {112 o (- V)} ug (a1 (F—V)

operate . g
O (a9 = exp(iok - T) exp(—iak - V)ug (oc_1 (F—v same
=u,;:(r) Jeigenvalue
Eigenvalue «——
hz ?2 — . G V — 2 . g —
5 + V(7) | exp(iak - Flu_ (7 @exp(lock -Tu ¢ (7)
. Eigenfunction

' exp(iok - F)u_;(¥) is also eigenstate

Check periodicity...
Operate O(€|;n)t0 exp(iok - F)u p(F)  waelf) = expliak Vhugloc (7))
//

O i) exp(iodz . F) = exp(—iodz- th) exp(iodz -7) exp(—iodz V)
X u]z(oc_1 (F—V) — o ")

A lattice has crystalline symmetry

vector «t,, IS a translation vector oo N F=V) — o ') = us(a N (F—V))
which has crystalline periodicity.

O(elfn) exp(iodz ' F)LL(X-'(T_") = exp(—iodz . -En) exp(iodz . ?)u'odz (f’)

Bloch function
exp(iok - P)u_g(F) = O () explik - ?)uﬁ@

compare @

—

Bloch Theoremﬁ o
O ¢,y explik - TJup (¥) = exp(—ik - tn) exp(ik - Flug(7)

k
Bloch function




Summary of Rotational Symmetry

(1) expliak - P, (7)(= O(ufs) exp(iK - 7uz (7)) is Bloch function

— —

@ Eigenvalue of exp(iok - F)u_;(¥) is equal to that of exp(ik - F)ug(F)

v

k has point group of crystal.

Advanced theme

relativistic effect (spin-orbit coupling)

h
HSO = —WO' ‘p X (VVO)

space inverse operation

E(k,o) —— — E(-k,o)

time reversal operation

E(k,o) —— — E(-k,—o)

E E E

J




Atomic Origin view for Spin-Orbit Interaction:

Biot-Savart Law

1 rx(—Zgw) 1 Zge T
B(r) = — = [E _ 4l T
) dmeoc? el c? {(r) ol <E ) 4rregr? r)

Using Angular Momentum operator,

Zge T XU Zqe L

B(r |3

- 471'6062 |r N 4750627”6@

Thus magnetic interaction field operator is defined as:

_ 1 _ 1 gs qu’ L - - -
Hspin-orbit = =5 ks - B(r) = 5 (g5> ' (47780027”|T3> Spin-Orbit Interaction

Ze? 1
=——5—=5-L
2m2c? r3

Thomas precession factor: L. H. Thomas, “"The motion of the spinning electron”, Nature 117, 514(1926)

Nonzero-diagonal and off-diagonal elements
<'I’L, l; mp, Mg ‘ Hspin—orbit | n,7 ml7 mgv m;>

connecting states with equal / different n,m;, mg

Ze?
Hspin-orbi :75 [n, 1) ( n,l
pin-orbit 292 ) )
2mzc o

1
3 n,l><n,l|S~L

Radial Integral can be evaluated for | >0 hydrogenic wave function obtains

an=(2 3 2 e, () !
T\ ) R+ n@I+1) e\ me ) n3l(I+1)(20+ 1)

Spin-Orbit Interaction is rewritten as

S-L
Hspin—orbit = Z gn,l |n> l> <7’l, l| ?

n,l

where

AN 2
_ (%4 ‘ — Z%’Ep,
fn,l < ) n3l( a g

3
M
a I+1)(21+1) <me> n3l(l+1)(20+1)




Crystal Effect Field Origin view for Spin-Orbit Interaction:

* Anti-symmetric Spin-Orbit Interaction (ASOI)
Hasor = Z ag(k) - S(k)

Break down to centrosymmetric in the Crystal

IbSb with SOC IbSb without SOC




Anti-Symmetric Spin-Orbit Interaction(ASOI)

Go 47lns3As, [001], BIA, E=0kV/cm Go 47Ins3As, [001], no BIA, E=20kV/cm Ga.47Ins3As, [001], BIA, E=20kV/cm
-0.04 002 0 002 004 -0.04 -0.02 0 002 004 -004 -0.02 0 002 0.04
ke (A7) ke (A7) ke (A7)

Rashba-Type

Free electron model
and
Alkali / Alkali Earth Metal




Which is correct?

(in rough k-point sampling case...)

v

Space Group teaches us.

Free electron Model

under Born-von Karman Concﬂtion . . .
V(F—'En):V(F) tn=mt1+n2tr+n3t3
(here, V (F—tn) = V() =0)

1-electron Schrédinger Equation

= och-Theorem
Y(r) =€
where uy (T) is periodic function

up (7= ) =up (7)

—

Tug(T)

— . .
up (") can be represented as Fourier Series
=\ —igl- 7
ug (7) = 2_Cge
_)
g1

R (?) _ ei?.? Z Cg_{e_ig—{.? _ Z Cg_{ei<]—<>—gl).?
gt gl




1-electron Schrédinger Equation

9
2 . 2 2
(FE-w g G

plane wave
) (wave number is kX — g7)

piiie

Superposition of plane waves

(%~

w "

(¢ -a)°

gi) ¥

5
Nearly Free electron model (NFE)

under Born-von Karman Condition (periodic boundary condition)

- 7 o — — — —
V(F—tn) = V(7) th=n1ti+nytr+nzts
Potential can be represented as Fourier series

- Y vge (= [, e rvema)

91
Fourier Component of g1

v

Hamiltonian Matrix element( 2-wave approximation)

e~ + (KIVIK) Ve,
Vg_{ £T<>+g_{+<k+91|V|k +9i) Vg

where




Here

(RV|E) = (Rag|v|T+a) =

Eigenenergy

2
1 Ep teEp o P
E?=§(£?+£?+Q_{)+Vﬁi\/(fm +| Vg

Cubic Lattice case

Free electron Model

—_2m o o) 2mo
?1 (?2><?3)=Qc_a3 gk_Qc(t‘Xt’)_a-”tk
(i,j,k=1,2,3)
?iX?jz?k e '
Eigenener n? /2m\?
genenergy E(mEE(?—a):—(—) (=) + (-2l + (C—n1)?)}

a
& n,
-~ 271 27
to convenient o (k= = H 5 = — lnzD
Energy unit * n (25) ¢ ns

Eigenenergy
(

— o= 2 2 2 AN o _ 2| ™
E(gl) =E(k —g{) = (£E—n1)"+ (M —m2)" + ({—n3) k=— |, gi=—|m

Eigenfunction {zm

el = exp d 2 (e~ mi)x + 1 — oty + (€ —ns)z]}

a




Li3

bcc

Na11
bcc

K19

bcc

Rb37

bcc

C 355
bcc

Fr87

bcc

Alkali Metals

the body centered cubic (bcc)

space group
Im3m (Or®)

Cegr

Fermi Surface of Na

free electron

Fermi surface is “sphere”in shape.

It is called “fermi sphere”

/ nearly free electron




bcc free electron
\\'O‘OJ" ‘l;ln,l,l‘w

HH,' ‘,.lr:"//'
GG P.i2,1/2,1/2)
Ay :
Anas) /P88 GiGs,
PIFIZEIS‘ Iy ,1/2,0)
254 25 Al
GG
A-axis : (£,0,0) (0<&E<T)
84,4 T-axis : (&,&,0) (0<E<1/2)
GiGs ™ HiHual Acaxis : (E,6,8) (0<E<1/2)
A, GiGq L
T,
T H
0, 1,1,0
& n
- - - 2n - 27
E(gi) =E(K —g{) = (E—m1)* + (M —n2)* + ({—n3)? k = L (9= ™
¢ ns3
o 2mi
Pi(T) = exp {— [(E—n1)x+ M —n2)y+ (C—n3)z
bcce free electron
}l-l{;' F.F2F, e HiH: HisHas' H(0,01) /l;lm]m
His
A H; '\ FF; 2,1/2
Aaas\ /B8 GG
F Fy/ \F, GiG Aaxis : (£,0,0) (0<E<1)
T-axis : (§,8,0) (0<E<1/2)
AIAZAS Hl A-axis : (& (0<E<1/2)
H,| GiGs HiHi:His
Hls Pl 1,11
Fr P . .
8, A | zzriE/NT GG :
) / \
T
'T H P r N H T T
& Ty
N - — 27 —  2m
E(gl) =E(kK —gi) = (§—m1)* + (L n2)* + (C—nq)? k = ol L R Il R
C n3
0] 0
- 27 27
E=0;, k==—10|,gi==—]0
a a
0 0
[0 0 +1 +1
- 27 27 27 27
E=2 k==—10|,gi=< = |+1|,= |0 ]|,= |+
a a a a
0 41 41 0




bcc free electron

HiH: HisHes' H
s z.zﬁ GiGe A
A, !
N 2
) A A N:’ 1/2,1/2)
A1A245 18785 N GiGs
AN R
I‘IFH}“H, 2A; FM PPN 2,0
TasTas Fh
A, 3\ 3,553
[Fzs 1;]11 66 1
) 1 A-axis : (£,0,0) (0<E<T)
Ay rr‘j!' Seaxis : (£,6,0) (0<E&<1/2)
80,4 s | Aaxis : (£,6,8) (0<E<1/2)
GG~ HiH,:His
Ny
4, A 70 sm/N] GG
2
I
T P T N H 5
— o _ = 2 2 2 2 |
E(gl) =Bk —gi)=(&—11)"+ (M —n2)"+ (C—mn3) = |m
ns
2m 0
EH) =nf+ni+ (nz—1)? k=—10
¢
0 +1 0 0
27 27 27 27
E=1;, gi=<=— |1, =]0],=|0],= |0
a
a1 11 %o 2
bcce free electron
}l'-[{z" F|F12F1 GG, HIH:’H‘SHZSI /-l;lﬂ‘]' )
His P ‘ ’
Ay s\ FIF; 11/2,1/2,1/2
Akt N1y As GiGs
FII‘IZPIS A 0)
Tasiss’ .
A,
" Fy/ \F, GiGe A-axis : (£,0,0) (0<&<T)
T-axis : (&§,&,0) (0<§<1/2)
A4 A8 H, A-axis @ (§,&,&) (0<&<1/2)
Hy| GG HiHi:Hys 1
.Hls Pl :H L1
FiFs P N b
Al A, 7,5_"_’_3_@ __Nl GiGq A
2] A
B, VAR
r‘ w P F N H JF : 1/2,1 \!‘1
wavefunction is given as
. 2mi
() = exp {— (& — )+ (1 — n2)y + ({— n3)a]
at H, a
therefore . 2mi 2mi L 2 |
Yu(¥)=exp| —z | X exps —— (Mx + nyy + n3z) Kn=— [n2
a a a




bcc free electron

HiH, HisHas'
‘A
AllAj}’ GiGe
Ay
g A A )
A1A:45 Rids'4;s N, G1Gsy
ININTINT 2As
TasTas”
LY
GGy
A A
A0
GiGs HiHi:His
N
8 P Y 7,
3
T
'T

2t These wavefunction are ) ]
P (F) = { exp (iay> not convenient to » Symmetrization

reflect crystal potential
It which has crystal symmetry
exp (:taz>

it Pa(T), Py (T) are eigenfunction which have same eigenvalue:
Hll)a(?) — Ejll)a(ﬂ
Hp (T) = Ejpp (T)

then

1 . B 1 . B . .
7 (Wa() +¥u() and 7 (Wa(¥) = (¥)) are also eigenfunction.

N

In generally, p-fold degenerate states,

{11)1(?%11) ) ")u))( }*{dﬁ (I)Z? »(b)(f:))(bp(ﬂ}

generated by linear combination

Y1 (¥, %2(7), -+ (F), -y (1)
* planewave type symmetrization * APW,0PW

* linear combination atomic orbital type symmetrization




bcc free electron

HiH' HisHes' H )
A As e (1,1,1)
\ Ao 2'2);, GiGe >
1 -
A A I{i‘ 1/2,1/2
A1A2A5 r IN{ GiGs
1
AAN
PIFIZ}“IS' 2A; s 23 1/2,0)
35l25 ’
BN 32355,
[rzs N, GG
N: Rty A-axis : (£,0,0) (0<&E<1)
Ay ﬁ" S-axis : (£,&,0) (0 < 1/2)
818485 3 ! Acaxis : (£,68) (0<E<1/2)
GIGJ HIHIIHIS 1/2,1/2,1
‘JJH N L1,
N %
8, A | zznsEAN GO ; o
) N N
T
'T P \ r N H IR
. o 0 + 0 0
wavefunction is given as - 27 2n 271 27
E=1. K=< |x1],Z o, Z]o],ZZ o
Sl C 1] %lo] ¢2

exp (izﬂx)
a
2t These wavefunction are ) ]
Y (F) = { exp <iay> not convenient to » Symmetrization
reflect crystal potential
It which has crystal symmetry
exp (:tz)

at H (energy E=1)

27 27 27
Hy =cos| —x | +cos| —y | +cos| —z (s-type)
a a a
exp (:i:znx)
a

P () = exp(iZ”y) change

a basis set
27 27
exp izz cos | ==
a
Hiyz = e
COS | —X
a
S RE 2, HiHy Highas'
& Hi'\ FF I
PWAWLISEY
T\ilys
D5
\ /
(\ d sin
8,887 H, 5
i GG HiHusHis
i b,
o P‘ .
y, w D), s H15 = ¢ SIn
3y
"'F H P r
sin




bcc free electron

HiH:' HisHas' H(0,0,1) H ‘
Al}lAj}’ zlzz\; G|04 ‘ A~ 11
Ay 1
, A Ny 1/2,1/2)
A1A245 Bidra; A %: GiGs
AN R
I‘lﬁnﬁ'ﬁ 2As n‘: i3 o
o A, Iis 2[222324
i N/ e o
AA; N’, A-axis : (£,0,0) (0<E£<T)
N: Soaxis ¢ (§,£,0) (0<E<1/2)
8,845 3 ! A-axis : (£,6,8) (0<&<1/2)
GiGs HiHi2His " .
P‘ 0,0 . ) N r 1,1,1
F\F; N, <
> A | zzniE/N] GG : G
5 - \
iy A .
r H P r Q) H e &
efunction is given as
atN, ¢ —n=1/2, (=0
therefore i i
PN = exp E(X +y) ¢ X exp 0 (mix + nay + n3z)
. AII\’/QJ e, HiH; HisHas' ] 5 1 5 2
AVAW LY e A GG E(N) = <TL1 o 2> + (TLZ o 2) +n3
DTl s
TasTas|
A,
a \ at N (energy E=1/2)
Ai8,A3 o M
4, A GGy O _]
- 27 27
I"F H P H KTL — _ O , - ‘]
o o
change
basis set
27
) N7 = cos {—a (x+y) (s-type)
PN (T) =exp {i—(x—l—y)}
2mi
/ .
N7 = sin {—a (x—y) (p-type)




free electron

Energy (Ry)

0.50

0.00

-40

Energy (Ry.)

E

(

=)
<
— HiH:' HisHes'
/25 K}'z(f GiGe
4,
' AAS A
Aaas) /P18 ds ’ GiGyy
I\l Al
S Pl 2%
g AI
GiGe
AIA‘I
A,8,48
= GiGa N H,H:Hys
&
2 GiG.
8o K A, A 1G4
s N
S o
T
m 'T H P H
His
Hi2 .
non-crossing rule
=
<
S E,
Energy Energy
(=)
<
X
k k
(=1
S




Free electron Model

Hexagonal Lattice case

Be4
Alkaline Earth Metals
hex

Mg12

hex

hexagonal closed package (hcp)

Ca20 space group

o P6s/mmc (Den?)
Sr38 c/a(Be) = 1.585
cc
56
Ba 2atom/unit cell
bcc
Ras8| same space group,

bee but d|StO rtiona' hcp ideal hep lattice  c¢/a = \/g ~ 1.6330
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Fermi Surface of Be

2" Band(hole)
“Crown”

3 Band(electron)
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Fermi Surface of Mg

2" Band(hole)
“Monster”

3 Band(electron)
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Practical case(Graphite) by K. Shirai(Osaka Univ)

20 N
N \%

£

YAV
Ve

NI A
Ly
"
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= (@ -

Er -

4
n

Y

Energy [Ry] §
N
"IN A
V ¥

150/ 200 250
-_— ;iéf N
N Azu

- [ 0s /

- ‘ - Trrrrr 11T
250 2 s
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Tight-binding Model

Linear Combination Atomic Orbital(LCAQO) Method
(simplified LCAO)

wave function

Wie (7] = = 3 explike- Rol (r — Ry}
R.

Hamiltonian Matrix Element

Him = (Wi (1) | H [ W (1) = % > ) exp {ik- (Rj — Ri)} Jw; (r—Rj) Hbm (r — Ry) dr
R R

1
:N Z exp{lk(RJ—RJ}JII):I(r—R])Hﬂ)m(T’—Rl)dF
Ri, Rj

J. C. Slater and G. F. Koster , Phys. Rev. 94 p.1948(1954)




Overlap Matrix Element

1
Snm = (Wi () [ Wi (7)) =10 ) exp {u« (R; — Ri)} Jw: (r—Rj) b (r—Ry) dr
Ri R;
1
=3 > exp{lk (RjRi)}an(er)wm(rRl)dr
Ri, R;

Secular Equation
D {Hmm(k) = &iSmn(k)}ein(k) =0

Figure 14.1. Schematic figures of local orbitals indicating all possible overlap and two-center
hamiltonian matrix elements for s, p, and d orbitals, which are classified by the angular momentum
about the axis with the notation o (m = 0), w (m = 1), and § (m = 2). The orbitals shown are the
real combinations of the angular momentum eigenstates. Positive and negative lobes are denoted by
solid and dashed lines, respectively. Note that the sign of the p orbitals must be fixed by convention;
here and in Tab. 14.1 the positive p, lobe is along the positive x-axis, erc.




sp? basis function

N[—= N[= N— N[—=

(Ta-Symmetry basis function)

Energy (Ry)
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Energy (Ry)
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InP without Spin-Orbit (FLAPW) Diamond without Spin-Orbit (FLAPW)
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Using package in this lecture

space group

Ab initio calculation
KANSAI2016

Local Density Approximation(LDA) based on Density Functional Theory(DFT)
Full potential Linearized Augmented Planewave(FLAPW)
include relativistic effect (spin-orbit interaction)

3D-picture

3-dimensional graphical library (tpersp)
PostScript(PS) drawing library (ayplot)
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